
TREE BASED MODELS



TREES

THE IDEA BEHIND TREES

▸ KNN: Using the y values of the 
closest neighbours in a simple 
parameter free way 

▸ Trees: Dividing the input space 
into regions with constant 
predicted y values 

▸ Divisions along the axes 
(single parameter) 

▸ nested divisions 

▸ Super intuitive, very similar to 
human thinking! Easy to 
interpret!
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FIGURE 8.1. For the Hitters data, a regression tree for predicting the log
salary of a baseball player, based on the number of years that he has played in
the major leagues and the number of hits that he made in the previous year. At a
given internal node, the label (of the form Xj < tk) indicates the left-hand branch
emanating from that split, and the right-hand branch corresponds to Xj ≥ tk.
For instance, the split at the top of the tree results in two large branches. The
left-hand branch corresponds to Years<4.5, and the right-hand branch corresponds
to Years>=4.5. The tree has two internal nodes and three terminal nodes, or
leaves. The number in each leaf is the mean of the response for the observations
that fall there.

8.1.1 Regression Trees

In order to motivate regression trees, we begin with a simple example.
regression
tree

Predicting Baseball Players’ Salaries Using Regression Trees

We use the Hitters data set to predict a baseball player’s Salary based on
Years (the number of years that he has played in the major leagues) and
Hits (the number of hits that he made in the previous year). We first remove
observations that are missing Salary values, and log-transform Salary so
that its distribution has more of a typical bell-shape. (Recall that Salary

is measured in thousands of dollars.)
Figure 8.1 shows a regression tree fit to this data. It consists of a series

of splitting rules, starting at the top of the tree. The top split assigns
observations having Years<4.5 to the left branch.1 The predicted salary

1Both Years and Hits are integers in these data; the tree() function in R labels
the splits at the midpoint between two adjacent values.
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FIGURE 8.2. The three-region partition for the Hitters data set from the
regression tree illustrated in Figure 8.1.

for these players is given by the mean response value for the players in
the data set with Years<4.5. For such players, the mean log salary is 5.107,
and so we make a prediction of e5.107 thousands of dollars, i.e. $165,174, for
these players. Players with Years>=4.5 are assigned to the right branch, and
then that group is further subdivided by Hits. Overall, the tree stratifies
or segments the players into three regions of predictor space: players who
have played for four or fewer years, players who have played for five or more
years and who made fewer than 118 hits last year, and players who have
played for five or more years and who made at least 118 hits last year. These
three regions can be written as R1 ={X | Years<4.5}, R2 ={X | Years>=4.5,
Hits<117.5}, and R3 ={X | Years>=4.5, Hits>=117.5}. Figure 8.2 illustrates
the regions as a function of Years and Hits. The predicted salaries for these
three groups are $1,000×e5.107 =$165,174, $1,000×e5.999 =$402,834, and
$1,000×e6.740 =$845,346 respectively.
In keeping with the tree analogy, the regions R1, R2, and R3 are known

as terminal nodes or leaves of the tree. As is the case for Figure 8.1, decision
terminal
node

leaf

trees are typically drawn upside down, in the sense that the leaves are at
the bottom of the tree. The points along the tree where the predictor space
is split are referred to as internal nodes. In Figure 8.1, the two internal

internal node
nodes are indicated by the text Years<4.5 and Hits<117.5. We refer to the
segments of the trees that connect the nodes as branches.

branch
We might interpret the regression tree displayed in Figure 8.1 as follows:

Years is the most important factor in determining Salary, and players with
less experience earn lower salaries than more experienced players. Given
that a player is less experienced, the number of hits that he made in the
previous year seems to play little role in his salary. But among players who
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FIGURE 8.3. Top Left: A partition of two-dimensional feature space that could
not result from recursive binary splitting. Top Right: The output of recursive
binary splitting on a two-dimensional example. Bottom Left: A tree corresponding
to the partition in the top right panel. Bottom Right: A perspective plot of the
prediction surface corresponding to that tree.

Therefore, a better strategy is to grow a very large tree T0, and then
prune it back in order to obtain a subtree. How do we determine the best prune

subtreeway to prune the tree? Intuitively, our goal is to select a subtree that
leads to the lowest test error rate. Given a subtree, we can estimate its
test error using cross-validation or the validation set approach. However,
estimating the cross-validation error for every possible subtree would be too
cumbersome, since there is an extremely large number of possible subtrees.
Instead, we need a way to select a small set of subtrees for consideration.
Cost complexity pruning—also known as weakest link pruning—gives us

cost
complexity
pruning

weakest link
pruning

a way to do just this. Rather than considering every possible subtree, we
consider a sequence of trees indexed by a nonnegative tuning parameter α.



TREES

WHAT ARE THE PREDICTIONS?

▸ Regression: 

▸ Mean (median) of the 
y values in the region 
the test point 

▸ Classification: 

▸ Class: majority 

▸ Probabilities: empirical 
frequencies of classes
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TREES

WHAT IS THE BEST SPLIT?

▸ Regression: one which 
minimises  

▸ MSE of predictions, using 
the mean y values on a leaf  
(“variance reduction”) 

▸ (or MAE of predictions, 
using the median)  

▸ Classification: one which: 

▸ Minimizes Gini impurity, 
( leaf impurity ) 

▸ Maximises information gain
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$1,000×e6.740 =$845,346 respectively.
In keeping with the tree analogy, the regions R1, R2, and R3 are known

as terminal nodes or leaves of the tree. As is the case for Figure 8.1, decision
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trees are typically drawn upside down, in the sense that the leaves are at
the bottom of the tree. The points along the tree where the predictor space
is split are referred to as internal nodes. In Figure 8.1, the two internal

internal node
nodes are indicated by the text Years<4.5 and Hits<117.5. We refer to the
segments of the trees that connect the nodes as branches.

branch
We might interpret the regression tree displayed in Figure 8.1 as follows:

Years is the most important factor in determining Salary, and players with
less experience earn lower salaries than more experienced players. Given
that a player is less experienced, the number of hits that he made in the
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TREES

HOW TO GROW A TREE?

▸ Too many possible trees to 
consider 

▸ Recursive greedy binary splitting 

▸ Start with the whole dataset 

▸ Consider each possible single 
binary split (along the axes) 

▸ Calculate loss for each split, still 
manageable 

▸ Select the best split 

▸ Repeat (with multiple leafs 
consider the single best split of 
any leaf)
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FIGURE 8.4. Regression tree analysis for the Hitters data. The unpruned tree
that results from top-down greedy splitting on the training data is shown.

Figures 8.4 and 8.5 display the results of fitting and pruning a regression
tree on the Hitters data, using nine of the features. First, we randomly
divided the data set in half, yielding 132 observations in the training set
and 131 observations in the test set. We then built a large regression tree
on the training data and varied α in (8.4) in order to create subtrees with
different numbers of terminal nodes. Finally, we performed six-fold cross-
validation in order to estimate the cross-validated MSE of the trees as
a function of α. (We chose to perform six-fold cross-validation because
132 is an exact multiple of six.) The unpruned regression tree is shown
in Figure 8.4. The green curve in Figure 8.5 shows the CV error as a
function of the number of leaves,2 while the orange curve indicates the
test error. Also shown are standard error bars around the estimated errors.
For reference, the training error curve is shown in black. The CV error
is a reasonable approximation of the test error: the CV error takes on its

2Although CV error is computed as a function of α, it is convenient to display the
result as a function of |T |, the number of leaves; this is based on the relationship between
α and |T | in the original tree grown to all the training data.



TREES

WHEN TO STOP GROWING THE TREE?
▸ A, Grow a full tree ( 1 data point per leaf ), 

and overfit… 

▸ B, Grow until a pre-defined condition is met. 

▸ #leafs. #data points / leaf, #depth, etc 

▸ Tune these conditions with cross 
validation. Extensive hyper parameter 
search is necessary. 

▸ C, Cross validate after each split, select the 
best 

▸ D, Complexity pruning (alpha pruning). Grow 
the full tree. Select a given penalty and find 
optimal tree with penalty. Cross validate the 
optimal trees corresponding to a penalty. 
Complexity calculation is cheap, only need to 
CV at different penalty values. Large gain 
with large trees.
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Algorithm 8.1 Building a Regression Tree

1. Use recursive binary splitting to grow a large tree on the training
data, stopping only when each terminal node has fewer than some
minimum number of observations.

2. Apply cost complexity pruning to the large tree in order to obtain a
sequence of best subtrees, as a function of α.

3. Use K-fold cross-validation to choose α. That is, divide the training
observations into K folds. For each k = 1, . . . ,K:

(a) Repeat Steps 1 and 2 on all but the kth fold of the training data.

(b) Evaluate the mean squared prediction error on the data in the
left-out kth fold, as a function of α.

Average the results for each value of α, and pick α to minimize the
average error.

4. Return the subtree from Step 2 that corresponds to the chosen value
of α.

For each value of α there corresponds a subtree T ⊂ T0 such that

|T |!

m=1

!

i: xi∈Rm

(yi − ŷRm)2 + α|T | (8.4)

is as small as possible. Here |T | indicates the number of terminal nodes
of the tree T , Rm is the rectangle (i.e. the subset of predictor space) cor-
responding to the mth terminal node, and ŷRm is the predicted response
associated with Rm—that is, the mean of the training observations in Rm.
The tuning parameter α controls a trade-off between the subtree’s com-
plexity and its fit to the training data. When α = 0, then the subtree T
will simply equal T0, because then (8.4) just measures the training error.
However, as α increases, there is a price to pay for having a tree with
many terminal nodes, and so the quantity (8.4) will tend to be minimized
for a smaller subtree. Equation 8.4 is reminiscent of the lasso (6.7) from
Chapter 6, in which a similar formulation was used in order to control the
complexity of a linear model.
It turns out that as we increase α from zero in (8.4), branches get pruned

from the tree in a nested and predictable fashion, so obtaining the whole
sequence of subtrees as a function of α is easy. We can select a value of
α using a validation set or using cross-validation. We then return to the
full data set and obtain the subtree corresponding to α. This process is
summarized in Algorithm 8.1.
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FIGURE 8.5. Regression tree analysis for the Hitters data. The training,
cross-validation, and test MSE are shown as a function of the number of termi-
nal nodes in the pruned tree. Standard error bands are displayed. The minimum
cross-validation error occurs at a tree size of three.

minimum for a three-node tree, while the test error also dips down at the
three-node tree (though it takes on its lowest value at the ten-node tree).
The pruned tree containing three terminal nodes is shown in Figure 8.1.

8.1.2 Classification Trees

A classification tree is very similar to a regression tree, except that it is
classification
treeused to predict a qualitative response rather than a quantitative one. Re-

call that for a regression tree, the predicted response for an observation is
given by the mean response of the training observations that belong to the
same terminal node. In contrast, for a classification tree, we predict that
each observation belongs to the most commonly occurring class of training
observations in the region to which it belongs. In interpreting the results of
a classification tree, we are often interested not only in the class prediction
corresponding to a particular terminal node region, but also in the class
proportions among the training observations that fall into that region.
The task of growing a classification tree is quite similar to the task of

growing a regression tree. Just as in the regression setting, we use recursive
binary splitting to grow a classification tree. However, in the classification
setting, RSS cannot be used as a criterion for making the binary splits.
A natural alternative to RSS is the classification error rate. Since we plan

classification
error rateto assign an observation in a given region to the most commonly occurring

class of training observations in that region, the classification error rate is
simply the fraction of the training observations in that region that do not
belong to the most common class:



TREES

SPLITTING CATEGORICAL VALUES

▸ We considered numerical values 

▸ One-hot encoding as used for linear/numerical models 
enables binary splits 

▸ Categories can also be used in decision trees more intuitively 
than linear models (implementations might not enable this) 

▸ Split a categorical value: some categories go leaf 1, some 
to leaf 2 

▸ e.g.: degrees: 

▸ leaf1: physicist, physician, philosopher, philologist 

▸ leaf2: engineer, nurse, teacher



TREES

DECISION TREES HANDLE MISSING VALUES GRACEFULLY!
▸ Randomly missing values: 

▸ If a value is only missing in a completely random fashion (lack on money for 
measurements, etc) then we can impute it, with the mean of others of more fancy 
methods. 

▸ Non-randomly missing values: 

▸ If there is a deeper reason for missing values, then we lose information with 
imputation. 

▸ For linear/numerical models we need to assign a value for these. What should it be? 
We need to understand why is it missing.  

▸ Is it too high to be measured? It should be a higher number than the maximal 
possible measurement. Ok, but how much higher? 

▸ Is it too low to be measured? It should be a lower number than the maximal 
possible measurement. Ok, but how much lower, should it be 0? 

▸ What if there is a complex reason for missing values?



TREES

NON-RANDOMLY MISSING VALUES
▸ Trees handle missing values gracefully on the other hand. 

▸ Just assign missing values an extremal value e.g.: -9999  
The tree is then enabled to make the split: missing or 
non-missing value simply cutting the extremal value from 
the real values. 

▸ This might be super useful when lot of values are missing:  

▸ E.g.: Distance predictions for gamma ray bursts, 
multiple instruments with multiple colour filters: if one 
does not see the object, the magnitudes are missing, 
but that is super informative!
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DECISION TREES VS LINEAR MODELS
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FIGURE 8.7. Top Row: A two-dimensional classification example in which
the true decision boundary is linear, and is indicated by the shaded regions.
A classical approach that assumes a linear boundary (left) will outperform a de-
cision tree that performs splits parallel to the axes (right). Bottom Row: Here the
true decision boundary is non-linear. Here a linear model is unable to capture
the true decision boundary (left), whereas a decision tree is successful (right).

8.1.4 Advantages and Disadvantages of Trees

Decision trees for regression and classification have a number of advantages
over the more classical approaches seen in Chapters 3 and 4:

▲ Trees are very easy to explain to people. In fact, they are even easier
to explain than linear regression!

▲ Some people believe that decision trees more closely mirror human
decision-making than do the regression and classification approaches
seen in previous chapters.

▲ Trees can be displayed graphically, and are easily interpreted even by
a non-expert (especially if they are small).

▲ Trees can easily handle qualitative predictors without the need to
create dummy variables.

▸ Depends on the 
problem itself 

▸ (imagine rotating the 
plots)
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TREE ENSEMBLES, BAGGING, RANDOM FOREST, BOOSTING
▸ Single decision trees are generally not competitive, but they can be radically improved, 

actually the best out of box models (most Kaggle competitions) 

▸ An ensemble of hundreds, thousands of decision trees has smooth decision boundaries! 

▸ 1: Bagging:  

▸ Create M bootstrap samples, fit M decision trees, average their predictions 

▸ 2: Random Forest: 

▸ Errors from different trees will cancel out better if they are less correlated. 

▸ Bagging + at each split we only consider a random subset of the variables 

▸ 3: Boosted Decision Trees: fit one tree, then fit another to the residuals of the predictions, 
etc … (Very popular implementation: https://xgboost.readthedocs.io/ ) 

▸ Interpretation is lost! But not completely: variables importance 

▸ Gain (Gini, IG, MSE) from splits in a variable can be computed. Most important features 
give the most gain.

https://xgboost.readthedocs.io/
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