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MODEL SELECTION

ESTIMATING THE ACCURACY OF THE MODEL

▸ We train the model with available data, and we will make predictions on unseen 
examples.  

▸ Why do we need to estimate the accuracy of our model? (Instead of accuracy 
let’s say figure of merit FoM, accuracy, log loss, correlation, AUC, etc) 

▸ To know what to expect ( should we risk our money on our stock market 
predictions ) 

▸ To select the most accurate model! 

▸ Model selection 

▸ The type of the model (knn, linear, trees, svm, nn, etc) 

▸ Best combination of input variables or engineered features



MODEL SELECTION

ESTIMATING THE ACCURACY OF THE MODEL

▸ Usually we can not estimate the FoM on the training data!  

▸ Each model is able to learn the noise to some varying extent. How much 
worse it will be on unseen data? 

▸ We cannot really tell whether one model is more accurate than the other 
just based on the training error. 

▸ Maybe it learned something general which will work on unseen data 
points, or maybe it simply learned to memorise the noise more. 

▸ There are solutions for simple models (AIC, BIC), but not for the more 
complex ones  

▸ We need a general framework for FoM estimation and model selection.



MODEL SELECTION

TRAIN - VALIDATION SPLIT
▸ Cut the training data into 2 parts, training and 

validation 

▸ Not ideal, we use only a subset for validation: 
our estimate of the FoM will not the most precise. 

▸ Balancing between training and validation 
dataset size, 10, 20, 30% usually. 

▸ Typically used when datasets are huge, and 
training is very expensive: this is the standard in 
image recognition.  

▸ Note, that in small sets the accuracy may be 
widely varying among different splits. 

▸ Note: we split the training data! Competitions use 
a held-out test data to ensure fair evaluation but 
that is a different setup.
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FIGURE 5.1. A schematic display of the validation set approach. A set of n
observations are randomly split into a training set (shown in blue, containing
observations 7, 22, and 13, among others) and a validation set (shown in beige,
and containing observation 91, among others). The statistical learning method is
fit on the training set, and its performance is evaluated on the validation set.

even better results. We answer this question in Chapter 3 by looking at
the p-values associated with a cubic term and higher-order polynomial
terms in a linear regression. But we could also answer this question using
the validation method. We randomly split the 392 observations into two
sets, a training set containing 196 of the data points, and a validation set
containing the remaining 196 observations. The validation set error rates
that result from fitting various regression models on the training sample
and evaluating their performance on the validation sample, using MSE
as a measure of validation set error, are shown in the left-hand panel of
Figure 5.2. The validation set MSE for the quadratic fit is considerably
smaller than for the linear fit. However, the validation set MSE for the cubic
fit is actually slightly larger than for the quadratic fit. This implies that
including a cubic term in the regression does not lead to better prediction
than simply using a quadratic term.
Recall that in order to create the left-hand panel of Figure 5.2, we ran-

domly divided the data set into two parts, a training set and a validation
set. If we repeat the process of randomly splitting the sample set into two
parts, we will get a somewhat different estimate for the test MSE. As an
illustration, the right-hand panel of Figure 5.2 displays ten different vali-
dation set MSE curves from the Auto data set, produced using ten different
random splits of the observations into training and validation sets. All ten
curves indicate that the model with a quadratic term has a dramatically
smaller validation set MSE than the model with only a linear term. Fur-
thermore, all ten curves indicate that there is not much benefit in including
cubic or higher-order polynomial terms in the model. But it is worth noting
that each of the ten curves results in a different test MSE estimate for each
of the ten regression models considered. And there is no consensus among
the curves as to which model results in the smallest validation set MSE.
Based on the variability among these curves, all that we can conclude with
any confidence is that the linear fit is not adequate for this data.
The validation set approach is conceptually simple and is easy to imple-

ment. But it has two potential drawbacks:
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FIGURE 5.2. The validation set approach was used on the Auto data set in
order to estimate the test error that results from predicting mpg using polynomial
functions of horsepower. Left: Validation error estimates for a single split into
training and validation data sets. Right: The validation method was repeated ten
times, each time using a different random split of the observations into a training
set and a validation set. This illustrates the variability in the estimated test MSE
that results from this approach.

1. As is shown in the right-hand panel of Figure 5.2, the validation esti-
mate of the test error rate can be highly variable, depending on pre-
cisely which observations are included in the training set and which
observations are included in the validation set.

2. In the validation approach, only a subset of the observations—those
that are included in the training set rather than in the validation
set—are used to fit the model. Since statistical methods tend to per-
form worse when trained on fewer observations, this suggests that the
validation set error rate may tend to overestimate the test error rate
for the model fit on the entire data set.

In the coming subsections, we will present cross-validation, a refinement of
the validation set approach that addresses these two issues.

5.1.2 Leave-One-Out Cross-Validation

Leave-one-out cross-validation (LOOCV) is closely related to the validation
leave-one-
out
cross-
validation

set approach of Section 5.1.1, but it attempts to address that method’s
drawbacks.
Like the validation set approach, LOOCV involves splitting the set of

observations into two parts. However, instead of creating two subsets of
comparable size, a single observation (x1, y1) is used for the validation
set, and the remaining observations {(x2, y2), . . . , (xn, yn)} make up the
training set. The statistical learning method is fit on the n − 1 training
observations, and a prediction ŷ1 is made for the excluded observation,
using its value x1. Since (x1, y1) was not used in the fitting process, MSE1 =
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FIGURE 3.8. The Auto data set. For a number of cars, mpg and horsepower are
shown. The linear regression fit is shown in orange. The linear regression fit for a
model that includes horsepower2 is shown as a blue curve. The linear regression
fit for a model that includes all polynomials of horsepower up to fifth-degree is
shown in green.

orange line represents the linear regression fit. There is a pronounced rela-
tionship between mpg and horsepower, but it seems clear that this relation-
ship is in fact non-linear: the data suggest a curved relationship. A simple
approach for incorporating non-linear associations in a linear model is to
include transformed versions of the predictors in the model. For example,
the points in Figure 3.8 seem to have a quadratic shape, suggesting that a

quadratic
model of the form

mpg = β0 + β1 × horsepower + β2 × horsepower2 + ϵ (3.36)

may provide a better fit. Equation 3.36 involves predicting mpg using a
non-linear function of horsepower. But it is still a linear model! That is,
(3.36) is simply a multiple linear regression model with X1 = horsepower

and X2 = horsepower2. So we can use standard linear regression software to
estimate β0,β1, and β2 in order to produce a non-linear fit. The blue curve
in Figure 3.8 shows the resulting quadratic fit to the data. The quadratic
fit appears to be substantially better than the fit obtained when just the
linear term is included. The R2 of the quadratic fit is 0.688, compared to
0.606 for the linear fit, and the p-value in Table 3.10 for the quadratic term
is highly significant.
If including horsepower2 led to such a big improvement in the model, why

not include horsepower3, horsepower4, or even horsepower5? The green curve



MODEL SELECTION

LEAVE ONE OUT CROSS VALIDATION
▸ With N data points, cut the training data into 2 parts, 

training and validation, N times. Each point is used 
for validation once. 

▸ The FoM is estimated as the mean accuracy on each 
example. It is trivial for independent metrics (MSE, 
accuracy).  

▸ Not so trivial for ranking or correlation metrics! One 
can use the LOOC predictions on the full dataset, but 
then predictions from different models are mixed. 

▸ Each data point is used for estimation, estimation of 
accuracy will be as accurate as possible. 

▸ It can take forever, it is practically impossible to use 
with most datasets. 

▸ Note: there is no random process! 

▸ Magic formula (only) for linear regression! 
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FIGURE 5.3. A schematic display of LOOCV. A set of n data points is repeat-
edly split into a training set (shown in blue) containing all but one observation,
and a validation set that contains only that observation (shown in beige). The test
error is then estimated by averaging the n resulting MSE’s. The first training set
contains all but observation 1, the second training set contains all but observation
2, and so forth.

(y1 − ŷ1 )2 provides an approximately unbiased estimate for the test error.
But even though MSE1 is unbiased for the test error, it is a poor estimate
because it is highly variable, since it is based upon a single observation
(x1 , y1 ).
We can repeat the procedure by selecting (x2 , y2 ) for the validation

data, training the statistical learning procedure on the n− 1 observations
{(x1 , y1 ), (x3 , y3 ), . . . , (xn, yn)}, and computing MSE2 = (y2−ŷ2 )2 . Repeat-
ing this approach n times produces n squared errors, MSE1 , . . . , MSEn.
The LOOCV estimate for the test MSE is the average of these n test error
estimates:

CV(n) =
1

n

n!

i=1

MSEi. (5.1)

A schematic of the LOOCV approach is illustrated in Figure 5.3.
LOOCV has a couple of major advantages over the validation set ap-

proach. First, it has far less bias. In LOOCV, we repeatedly fit the sta-
tistical learning method using training sets that contain n − 1 observa-
tions, almost as many as are in the entire data set. This is in contrast to
the validation set approach, in which the training set is typically around
half the size of the original data set. Consequently, the LOOCV approach
tends not to overestimate the test error rate as much as the validation
set approach does. Second, in contrast to the validation approach which
will yield different results when applied repeatedly due to randomness in
the training/validation set splits, performing LOOCV multiple times will
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FIGURE 5.4. Cross-validation was used on the Auto data set in order to es-
timate the test error that results from predicting mpg using polynomial functions
of horsepower. Left: The LOOCV error curve. Right: 10-fold CV was run nine
separate times, each with a different random split of the data into ten parts. The
figure shows the nine slightly different CV error curves.

always yield the same results: there is no randomness in the training/vali-
dation set splits.
We used LOOCV on the Auto data set in order to obtain an estimate

of the test set MSE that results from fitting a linear regression model to
predict mpg using polynomial functions of horsepower. The results are shown
in the left-hand panel of Figure 5.4.
LOOCV has the potential to be expensive to implement, since the model

has to be fit n times. This can be very time consuming if n is large, and if
each individual model is slow to fit. With least squares linear or polynomial
regression, an amazing shortcut makes the cost of LOOCV the same as that
of a single model fit! The following formula holds:

CV(n) =
1

n

n!

i=1

"
yi − ŷi
1− hi

#2

, (5.2)

where ŷi is the ith fitted value from the original least squares fit, and hi is
the leverage defined in (3.37) on page 98. This is like the ordinary MSE,
except the ith residual is divided by 1− hi. The leverage lies between 1/n
and 1, and reflects the amount that an observation influences its own fit.
Hence the residuals for high-leverage points are inflated in this formula by
exactly the right amount for this equality to hold.
LOOCV is a very general method, and can be used with any kind of

predictive modeling. For example we could use it with logistic regression
or linear discriminant analysis, or any of the methods discussed in later
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FIGURE 5.4. Cross-validation was used on the Auto data set in order to es-
timate the test error that results from predicting mpg using polynomial functions
of horsepower. Left: The LOOCV error curve. Right: 10-fold CV was run nine
separate times, each with a different random split of the data into ten parts. The
figure shows the nine slightly different CV error curves.

always yield the same results: there is no randomness in the training/vali-
dation set splits.
We used LOOCV on the Auto data set in order to obtain an estimate

of the test set MSE that results from fitting a linear regression model to
predict mpg using polynomial functions of horsepower. The results are shown
in the left-hand panel of Figure 5.4.
LOOCV has the potential to be expensive to implement, since the model

has to be fit n times. This can be very time consuming if n is large, and if
each individual model is slow to fit. With least squares linear or polynomial
regression, an amazing shortcut makes the cost of LOOCV the same as that
of a single model fit! The following formula holds:

CV(n) =
1

n

n!

i=1

"
yi − ŷi
1− hi

#2

, (5.2)

where ŷi is the ith fitted value from the original least squares fit, and hi is
the leverage defined in (3.37) on page 98. This is like the ordinary MSE,
except the ith residual is divided by 1− hi. The leverage lies between 1/n
and 1, and reflects the amount that an observation influences its own fit.
Hence the residuals for high-leverage points are inflated in this formula by
exactly the right amount for this equality to hold.
LOOCV is a very general method, and can be used with any kind of

predictive modeling. For example we could use it with logistic regression
or linear discriminant analysis, or any of the methods discussed in later



MODEL SELECTION

K-FOLD CROSS VALIDATION
▸ With N data points, cut the training data into K parts, use K-1 

for training and 1 for testing, K times. K is usually 3, 5,10.  

▸ The FoM is estimated as the mean accuracy on each set. 
Works for raking and correlation metrics too, because each 
validation set has a large number of points. 

▸ 80% of the data points are used in training: the model will be 
close to be as good as possible 

▸ Each data point is used for validation, estimation of the FoM 
will be good 

▸ Usually can be done for large sets, the model needs to be 
trained only 5-10  times. One exception is image recognition, 
because then it is too expensive to even train 5 times (a week 
vs a month) 

▸ Note: there is a random process of splitting, but variation is 
not as wild as in a train-validation split because in the end the 
same data points are used 

▸ THE STANDARD
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FIGURE 5.5. A schematic display of 5-fold CV. A set of n observations is
randomly split into five non-overlapping groups. Each of these fifths acts as a
validation set (shown in beige), and the remainder as a training set (shown in
blue). The test error is estimated by averaging the five resulting MSE estimates.

chapters. The magic formula (5.2) does not hold in general, in which case
the model has to be refit n times.

5.1.3 k-Fold Cross-Validation

An alternative to LOOCV is k-fold CV. This approach involves randomly
k-fold CV

dividing the set of observations into k groups, or folds, of approximately
equal size. The first fold is treated as a validation set, and the method
is fit on the remaining k − 1 folds. The mean squared error, MSE1 , is
then computed on the observations in the held-out fold. This procedure is
repeated k times; each time, a different group of observations is treated
as a validation set. This process results in k estimates of the test error,
MSE1 ,MSE2 , . . . ,MSEk. The k-fold CV estimate is computed by averaging
these values,

CV(k) =
1

k

k!

i=1

MSEi. (5.3)

Figure 5.5 illustrates the k-fold CV approach.
It is not hard to see that LOOCV is a special case of k-fold CV in which k

is set to equal n. In practice, one typically performs k-fold CV using k = 5
or k = 10. What is the advantage of using k = 5 or k = 10 rather than
k = n? The most obvious advantage is computational. LOOCV requires
fitting the statistical learning method n times. This has the potential to be
computationally expensive (except for linear models fit by least squares,
in which case formula (5.2) can be used). But cross-validation is a very
general approach that can be applied to almost any statistical learning
method. Some statistical learning methods have computationally intensive
fitting procedures, and so performing LOOCV may pose computational
problems, especially if n is extremely large. In contrast, performing 10-fold
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FIGURE 5.4. Cross-validation was used on the Auto data set in order to es-
timate the test error that results from predicting mpg using polynomial functions
of horsepower. Left: The LOOCV error curve. Right: 10-fold CV was run nine
separate times, each with a different random split of the data into ten parts. The
figure shows the nine slightly different CV error curves.

always yield the same results: there is no randomness in the training/vali-
dation set splits.
We used LOOCV on the Auto data set in order to obtain an estimate

of the test set MSE that results from fitting a linear regression model to
predict mpg using polynomial functions of horsepower. The results are shown
in the left-hand panel of Figure 5.4.
LOOCV has the potential to be expensive to implement, since the model

has to be fit n times. This can be very time consuming if n is large, and if
each individual model is slow to fit. With least squares linear or polynomial
regression, an amazing shortcut makes the cost of LOOCV the same as that
of a single model fit! The following formula holds:

CV(n) =
1

n

n!

i=1

"
yi − ŷi
1− hi

#2

, (5.2)

where ŷi is the ith fitted value from the original least squares fit, and hi is
the leverage defined in (3.37) on page 98. This is like the ordinary MSE,
except the ith residual is divided by 1− hi. The leverage lies between 1/n
and 1, and reflects the amount that an observation influences its own fit.
Hence the residuals for high-leverage points are inflated in this formula by
exactly the right amount for this equality to hold.
LOOCV is a very general method, and can be used with any kind of

predictive modeling. For example we could use it with logistic regression
or linear discriminant analysis, or any of the methods discussed in later



MODEL SELECTION

BOOTSTRAP
▸ We estimate parameters from data points, samples 

▸ These samples are random examples from a true 
population. Parameters inferred from these data points 
will be somewhat different from the true relationship 

▸ We need to estimate the uncertainties of the estimates 

▸ E.g.: Linear regression coefficients. But generally we do 
not have formulas like in the case of linear regression 
(AUC), we need a more general approach. 

▸ We can not generate new data points, but we can 
resample! 

▸ Select N data points from N data points with 
replacement. 

▸ Estimate the parameter on each example. 

▸ Calculate the standard error (or quantiles) of those 
estimates. 

▸ Note replacement, and keep in mind.

5.2 The Bootstrap 189
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FIGURE 5.10. Left: A histogram of the estimates of α obtained by generating
1,000 simulated data sets from the true population. Center: A histogram of the
estimates of α obtained from 1,000 bootstrap samples from a single data set.
Right: The estimates of α displayed in the left and center panels are shown as
boxplots. In each panel, the pink line indicates the true value of α.

so that we can estimate the variability of α̂ without generating additional
samples. Rather than repeatedly obtaining independent data sets from the
population, we instead obtain distinct data sets by repeatedly sampling
observations from the original data set.
This approach is illustrated in Figure 5.11 on a simple data set, which

we call Z, that contains only n = 3 observations. We randomly select n
observations from the data set in order to produce a bootstrap data set,
Z∗1. The sampling is performed with replacement, which means that the

replacement
same observation can occur more than once in the bootstrap data set. In
this example, Z∗1 contains the third observation twice, the first observation
once, and no instances of the second observation. Note that if an observation
is contained in Z∗1, then both its X and Y values are included. We can use
Z∗1 to produce a new bootstrap estimate for α, which we call α̂∗1. This
procedure is repeated B times for some large value of B, in order to produce
B different bootstrap data sets, Z∗1, Z∗2, . . . , Z∗B, and B corresponding α
estimates, α̂∗1, α̂∗2, . . . , α̂∗B. We can compute the standard error of these
bootstrap estimates using the formula

SEB(α̂) =

!""# 1

B − 1

B$

r=1

%
α̂∗r − 1

B

B$

r′=1

α̂∗r′

&2

. (5.8)

This serves as an estimate of the standard error of α̂ estimated from the
original data set.
The bootstrap approach is illustrated in the center panel of Figure 5.10,

which displays a histogram of 1,000 bootstrap estimates of α, each com-
puted using a distinct bootstrap data set. This panel was constructed on
the basis of a single data set, and hence could be created using real data.
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FIGURE 5.11. A graphical illustration of the bootstrap approach on a small
sample containing n = 3 observations. Each bootstrap data set contains n obser-
vations, sampled with replacement from the original data set. Each bootstrap data
set is used to obtain an estimate of α.

Note that the histogram looks very similar to the left-hand panel which dis-
plays the idealized histogram of the estimates of α obtained by generating
1,000 simulated data sets from the true population. In particular the boot-
strap estimate SE(α̂) from (5.8) is 0.087, very close to the estimate of 0.083
obtained using 1,000 simulated data sets. The right-hand panel displays the
information in the center and left panels in a different way, via boxplots of
the estimates for α obtained by generating 1,000 simulated data sets from
the true population and using the bootstrap approach. Again, the boxplots
are quite similar to each other, indicating that the bootstrap approach can
be used to effectively estimate the variability associated with α̂.

5.3 Lab: Cross-Validation and the Bootstrap

In this lab, we explore the resampling techniques covered in this chapter.
Some of the commands in this lab may take a while to run on your com-
puter.



LINEAR MODEL SELECTION AND REGULARISATION

MODIFYING THE SOLUTION OF LINEAR REGRESSION

▸ Before: Least squares fit, why change it? 

▸ LS is the most accurate on the training data, but thats not our goal, our goal is 
accuracy of unseen new data 

▸ LS uses all predictors -> with many predictors it is hard to interpret the model. Can 
we select a good model with only a few predictors? 

▸ Pursuing test accuracy: 

▸ LS will work well when the number of data points (N) is multiple orders of 
magnitude larger than the number of predictors (p) 

▸ When N is not much larger than p (e.g.:100 vs 10), then we might fit the noise to 
some extent, or in other words the coefficients will have large variance 

▸ When N<p, there is no unique LS fit
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SUBSET SELECTION

206 6. Linear Model Selection and Regularization
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FIGURE 6.1. For each possible model containing a subset of the ten predictors
in the Credit data set, the RSS and R2 are displayed. The red frontier tracks the
best model for a given number of predictors, according to RSS and R2. Though
the data set contains only ten predictors, the x-axis ranges from 1 to 11, since one
of the variables is categorical and takes on three values, leading to the creation of
two dummy variables.

error, Cp, BIC, or adjusted R2 in order to select among M0,M1, . . . ,Mp.
These approaches are discussed in Section 6.1.3.
An application of best subset selection is shown in Figure 6.1. Each

plotted point corresponds to a least squares regression model fit using a
different subset of the 11 predictors in the Credit data set, discussed in
Chapter 3. Here the variable ethnicity is a three-level qualitative variable,
and so is represented by two dummy variables, which are selected separately
in this case. We have plotted the RSS and R2 statistics for each model, as
a function of the number of variables. The red curves connect the best
models for each model size, according to RSS or R2. The figure shows that,
as expected, these quantities improve as the number of variables increases;
however, from the three-variable model on, there is little improvement in
RSS and R2 as a result of including additional predictors.
Although we have presented best subset selection here for least squares

regression, the same ideas apply to other types of models, such as logistic
regression. In the case of logistic regression, instead of ordering models by
RSS in Step 2 of Algorithm 6.1, we instead use the deviance, a measure

deviance
that plays the role of RSS for a broader class of models. The deviance is
negative two times the maximized log-likelihood; the smaller the deviance,
the better the fit.
While best subset selection is a simple and conceptually appealing ap-

proach, it suffers from computational limitations. The number of possible
models that must be considered grows rapidly as p increases. In general,
there are 2p models that involve subsets of p predictors. So if p = 10,
then there are approximately 1,000 possible models to be considered, and if

▸ Fewer variables: 

▸ When the number of data points is low,  a simpler model will not fit 
the noise that much, and it will be more accurate on unseen data. 

▸ It is also easier to interpret the model 

▸ Brute force: best subset selection 

▸ 2^p choice. How to identify the best?  Start from 0 variables and 
move to 1,2,…  

▸ Select the best model for each p. Comparing models with the 
same number of variables is OK. 

▸ Compare the best models with different p 

▸ This is tricky: the training error will always be smaller when 
using more variables. Cross validation error, AIC, BIC or 
adjusted R value 

▸ Computational problem: d=10: 1000 runs, d=20: 1 million runs…
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FIGURE 6.2. Cp, BIC, and adjusted R2 are shown for the best models of each
size for the Credit data set (the lower frontier in Figure 6.1). Cp and BIC are
estimates of test MSE. In the middle plot we see that the BIC estimate of test
error shows an increase after four variables are selected. The other two plots are
rather flat after four variables are included.

of models with different numbers of variables. We now consider four such
approaches: Cp, Akaike information criterion (AIC), Bayesian information

Cp

Akaike
information
criterion

criterion (BIC), and adjusted R2. Figure 6.2 displays Cp, BIC, and adjusted

Bayesian
information
criterion

adjusted R2

R2 for the best model of each size produced by best subset selection on the
Credit data set.
For a fitted least squares model containing d predictors, the Cp estimate

of test MSE is computed using the equation

Cp =
1

n

!
RSS + 2dσ̂2

"
, (6.2)

where σ̂2 is an estimate of the variance of the error ϵ associated with each
response measurement in (6.1).3

Essentially, the Cp statistic adds a penalty
of 2dσ̂2 to the training RSS in order to adjust for the fact that the training
error tends to underestimate the test error. Clearly, the penalty increases as
the number of predictors in the model increases; this is intended to adjust
for the corresponding decrease in training RSS. Though it is beyond the
scope of this book, one can show that if σ̂2 is an unbiased estimate of σ2 in
(6.2), then Cp is an unbiased estimate of test MSE. As a consequence, the
Cp statistic tends to take on a small value for models with a low test error,
so when determining which of a set of models is best, we choose the model
with the lowest Cp value. In Figure 6.2, Cp selects the six-variable model
containing the predictors income, limit, rating, cards, age and student.

3Mallow’s Cp is sometimes defined as C′
p = RSS/σ̂2 + 2d − n. This is equivalent to

the definition given above in the sense that Cp = 1
n σ̂2(C′

p + n), and so the model with
smallest Cp also has smallest C′

p.

Typically is estimated using the full
model containing all predictors.

σ̂2
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The AIC criterion is defined for a large class of models fit by maximum
likelihood. In the case of the model (6.1) with Gaussian errors, maximum
likelihood and least squares are the same thing. In this case AIC is given by

AIC =
1

nσ̂2

!
RSS + 2dσ̂2

"
,

where, for simplicity, we have omitted an additive constant. Hence for least
squares models, Cp and AIC are proportional to each other, and so only
Cp is displayed in Figure 6.2.
BIC is derived from a Bayesian point of view, but ends up looking similar

to Cp (and AIC) as well. For the least squares model with d predictors, the
BIC is, up to irrelevant constants, given by

BIC =
!
RSS + log(n)dσ̂2

"
. (6.3)

Like Cp, the BIC will tend to take on a small value for a model with a
low test error, and so generally we select the model that has the lowest
BIC value. Notice that BIC replaces the 2dσ̂2 used by Cp with a log(n)dσ̂2

term, where n is the number of observations. Since logn > 2 for any n > 7,
the BIC statistic generally places a heavier penalty on models with many
variables, and hence results in the selection of smaller models than Cp.
In Figure 6.2, we see that this is indeed the case for the Credit data set;
BIC chooses a model that contains only the four predictors income, limit,
cards, and student. In this case the curves are very flat and so there does
not appear to be much difference in accuracy between the four-variable and
six-variable models.
The adjustedR2 statistic is another popular approach for selecting among

a set of models that contain different numbers of variables. Recall from
Chapter 3 that the usual R2 is defined as 1 − RSS/TSS, where TSS =#

(yi − y)2 is the total sum of squares for the response. Since RSS always
decreases as more variables are added to the model, the R2 always increases
as more variables are added. For a least squares model with d variables,
the adjusted R2 statistic is calculated as

Adjusted R2 = 1− RSS/(n− d− 1)

TSS/(n− 1)
. (6.4)

Unlike Cp, AIC, and BIC, for which a small value indicates a model with
a low test error, a large value of adjusted R2 indicates a model with a
small test error. Maximizing the adjusted R2 is equivalent to minimizing
RSS

n−d−1 . While RSS always decreases as the number of variables in the model

increases, RSS
n−d−1 may increase or decrease, due to the presence of d in the

denominator.
The intuition behind the adjusted R2 is that once all of the correct

variables have been included in the model, adding additional noise variables

1

nσ̂2
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FIGURE 6.3. For the Credit data set, three quantities are displayed for the
best model containing d predictors, for d ranging from 1 to 11. The overall best
model, based on each of these quantities, is shown as a blue cross. Left: Square
root of BIC. Center: Validation set errors. Right: Cross-validation errors.

six-variable model. However, all three approaches suggest that the four-,
five-, and six-variable models are roughly equivalent in terms of their test
errors.
In fact, the estimated test error curves displayed in the center and right-

hand panels of Figure 6.3 are quite flat. While a three-variable model clearly
has lower estimated test error than a two-variable model, the estimated test
errors of the 3- to 11-variable models are quite similar. Furthermore, if we
repeated the validation set approach using a different split of the data into
a training set and a validation set, or if we repeated cross-validation using
a different set of cross-validation folds, then the precise model with the
lowest estimated test error would surely change. In this setting, we can
select a model using the one-standard-error rule. We first calculate the one-

standard-
error
rule

standard error of the estimated test MSE for each model size, and then
select the smallest model for which the estimated test error is within one
standard error of the lowest point on the curve. The rationale here is that
if a set of models appear to be more or less equally good, then we might
as well choose the simplest model—that is, the model with the smallest
number of predictors. In this case, applying the one-standard-error rule
to the validation set or cross-validation approach leads to selection of the
three-variable model.

6.2 Shrinkage Methods

The subset selection methods described in Section 6.1 involve using least
squares to fit a linear model that contains a subset of the predictors. As an
alternative, we can fit a model containing all p predictors using a technique
that constrains or regularizes the coefficient estimates, or equivalently, that
shrinks the coefficient estimates towards zero. It may not be immediately

▸ Fast approach: stepwise greedy selection 

▸ Forward: Start with 0 variables, iteratively add the one which improves the 
training error the most (stop after a while) 

▸ Backward: Start with all variables, iteratively remove the one which degrades 
the training error the least 

▸ Compare the best models with different p.  Cross validation error, AIC, BIC or 
adjusted R value 

▸ Note, use different metric for selecting next variable and the best p to avoid 
overfitting!



SHRINKAGE

SHRINKAGE ( RIDGE, LASSO )

▸ Shrinkage: a simpler model has smaller 
coefficients, instead of cancelling large 
coefficients (zero coeff is subset selection):  

▸ Ridge-regression, L2 penalty (Weight-
decay) 

▸ Lasso-regression, L1 penalty. Sparse 
regression. Often results in 0 coefficients 

▸ Elastic-net: both 

▸ They both increase the training error! (but 
hope to improve generalisation by 
creating a simpler model) 

▸ Essential for underdetermined problems! 
(SVD would not fail but not ideal) 

▸ Note: The scale of predictive variables did 
not matter before! Now it does!
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obvious why such a constraint should improve the fit, but it turns out that
shrinking the coefficient estimates can significantly reduce their variance.
The two best-known techniques for shrinking the regression coefficients
towards zero are ridge regression and the lasso.

6.2.1 Ridge Regression

Recall from Chapter 3 that the least squares fitting procedure estimates
β0,β1, . . . ,βp using the values that minimize

RSS =
n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2

.

Ridge regression is very similar to least squares, except that the coefficients
ridge
regressionare estimated by minimizing a slightly different quantity. In particular, the

ridge regression coefficient estimates β̂R are the values that minimize

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2

+ λ
p∑

j=1

β2
j = RSS + λ

p∑

j=1

β2
j , (6.5)

where λ ≥ 0 is a tuning parameter, to be determined separately. Equa-
tuning
parametertion 6.5 trades off two different criteria. As with least squares, ridge regres-

sion seeks coefficient estimates that fit the data well, by making the RSS
small. However, the second term, λ

∑
j β

2
j , called a shrinkage penalty, is

shrinkage
penaltysmall when β1, . . . ,βp are close to zero, and so it has the effect of shrinking

the estimates of βj towards zero. The tuning parameter λ serves to control
the relative impact of these two terms on the regression coefficient esti-
mates. When λ = 0, the penalty term has no effect, and ridge regression
will produce the least squares estimates. However, as λ→∞, the impact of
the shrinkage penalty grows, and the ridge regression coefficient estimates
will approach zero. Unlike least squares, which generates only one set of co-
efficient estimates, ridge regression will produce a different set of coefficient
estimates, β̂R

λ , for each value of λ. Selecting a good value for λ is critical;
we defer this discussion to Section 6.2.3, where we use cross-validation.
Note that in (6.5), the shrinkage penalty is applied to β1, . . . ,βp, but

not to the intercept β0. We want to shrink the estimated association of
each variable with the response; however, we do not want to shrink the
intercept, which is simply a measure of the mean value of the response
when xi1 = xi2 = . . . = xip = 0. If we assume that the variables—that is,
the columns of the data matrix X—have been centered to have mean zero
before ridge regression is performed, then the estimated intercept will take
the form β̂0 = ȳ =

∑n
i=1 yi/n.
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discussed previously, even for moderate values of p, such a search can
be computationally infeasible. In contrast, for any fixed value of λ, ridge
regression only fits a single model, and the model-fitting procedure can
be performed quite quickly. In fact, one can show that the computations
required to solve (6.5), simultaneously for all values of λ, are almost iden-
tical to those for fitting a model using least squares.

6.2.2 The Lasso

Ridge regression does have one obvious disadvantage. Unlike best subset,
forward stepwise, and backward stepwise selection, which will generally
select models that involve just a subset of the variables, ridge regression
will include all p predictors in the final model. The penalty λ

∑
β2
j in (6.5)

will shrink all of the coefficients towards zero, but it will not set any of them
exactly to zero (unless λ =∞). This may not be a problem for prediction
accuracy, but it can create a challenge in model interpretation in settings in
which the number of variables p is quite large. For example, in the Credit

data set, it appears that the most important variables are income, limit,
rating, and student. So we might wish to build a model including just
these predictors. However, ridge regression will always generate a model
involving all ten predictors. Increasing the value of λ will tend to reduce
the magnitudes of the coefficients, but will not result in exclusion of any of
the variables.
The lasso is a relatively recent alternative to ridge regression that over-

lasso
comes this disadvantage. The lasso coefficients, β̂L

λ , minimize the quantity

n∑

i=1

⎛

⎝yi−β0−
p∑

j=1

βjxij

⎞

⎠
2

+ λ
p∑

j=1

|βj | = RSS + λ
p∑

j=1

|βj |. (6.7)

Comparing (6.7) to (6.5), we see that the lasso and ridge regression have
similar formulations. The only difference is that the β2

j term in the ridge
regression penalty (6.5) has been replaced by |βj | in the lasso penalty (6.7).
In statistical parlance, the lasso uses an ℓ1 (pronounced “ell 1”) penalty
instead of an ℓ2 penalty. The ℓ1 norm of a coefficient vector β is given by
∥β∥1 =

∑
|βj |.

As with ridge regression, the lasso shrinks the coefficient estimates
towards zero. However, in the case of the lasso, the ℓ1 penalty has the effect
of forcing some of the coefficient estimates to be exactly equal to zero when
the tuning parameter λ is sufficiently large. Hence, much like best subset se-
lection, the lasso performs variable selection. As a result, models generated
from the lasso are generally much easier to interpret than those produced
by ridge regression. We say that the lasso yields sparse models—that is, sparse
models that involve only a subset of the variables. As in ridge regression,
selecting a good value of λ for the lasso is critical; we defer this discussion
to Section 6.2.3, where we use cross-validation.
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FIGURE 6.4. The standardized ridge regression coefficients are displayed for
the Credit data set, as a function of λ and ∥β̂R

λ ∥2/∥β̂∥2.

An Application to the Credit Data

In Figure 6.4, the ridge regression coefficient estimates for the Credit data
set are displayed. In the left-hand panel, each curve corresponds to the
ridge regression coefficient estimate for one of the ten variables, plotted
as a function of λ. For example, the black solid line represents the ridge
regression estimate for the income coefficient, as λ is varied. At the extreme
left-hand side of the plot, λ is essentially zero, and so the corresponding
ridge coefficient estimates are the same as the usual least squares esti-
mates. But as λ increases, the ridge coefficient estimates shrink towards
zero. When λ is extremely large, then all of the ridge coefficient estimates
are basically zero; this corresponds to the null model that contains no pre-
dictors. In this plot, the income, limit, rating, and student variables are
displayed in distinct colors, since these variables tend to have by far the
largest coefficient estimates. While the ridge coefficient estimates tend to
decrease in aggregate as λ increases, individual coefficients, such as rating
and income, may occasionally increase as λ increases.
The right-hand panel of Figure 6.4 displays the same ridge coefficient

estimates as the left-hand panel, but instead of displaying λ on the x-axis,
we now display ∥β̂R

λ ∥2/∥β̂∥2, where β̂ denotes the vector of least squares
coefficient estimates. The notation ∥β∥2 denotes the ℓ2 norm (pronounced

ℓ2 norm

“ell 2”) of a vector, and is defined as ∥β∥2 =
!"p

j=1 βj
2. It measures

the distance of β from zero. As λ increases, the ℓ2 norm of β̂R
λ will always

decrease, and so will ∥β̂R
λ ∥2/∥β̂∥2. The latter quantity ranges from 1 (when

λ = 0, in which case the ridge regression coefficient estimate is the same
as the least squares estimate, and so their ℓ2 norms are the same) to 0
(when λ = ∞, in which case the ridge regression coefficient estimate is a
vector of zeros, with ℓ2 norm equal to zero). Therefore, we can think of the
x-axis in the right-hand panel of Figure 6.4 as the amount that the ridge

220 6. Linear Model Selection and Regularization

S
ta

nd
ar

di
ze

d 
C

oe
ffi

ci
en

ts
20 50 100 200 500 2000 5000

−2
00

0
10

0
20

0
30

0
40

0

0.0 0.2 0.4 0.6 0.8 1.0

−3
00

−1
00

0
10

0
20

0
30

0
40

0

S
ta

nd
ar

di
ze

d 
C

oe
ffi

ci
en

ts

Income
Limit
Rating
Student

λ β̂L
λ 1/ β̂ 1

FIGURE 6.6. The standardized lasso coefficients on the Credit data set are
shown as a function of λ and ∥β̂L

λ ∥1/∥β̂∥1.

As an example, consider the coefficient plots in Figure 6.6, which are gen-
erated from applying the lasso to the Credit data set. When λ = 0, then
the lasso simply gives the least squares fit, and when λ becomes sufficiently
large, the lasso gives the null model in which all coefficient estimates equal
zero. However, in between these two extremes, the ridge regression and
lasso models are quite different from each other. Moving from left to right
in the right-hand panel of Figure 6.6, we observe that at first the lasso re-
sults in a model that contains only the rating predictor. Then student and
limit enter the model almost simultaneously, shortly followed by income.
Eventually, the remaining variables enter the model. Hence, depending on
the value of λ, the lasso can produce a model involving any number of vari-
ables. In contrast, ridge regression will always include all of the variables in
the model, although the magnitude of the coefficient estimates will depend
on λ.

Another Formulation for Ridge Regression and the Lasso

One can show that the lasso and ridge regression coefficient estimates solve
the problems

minimize
β

⎧
⎪⎨

⎪⎩

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2
⎫
⎪⎬

⎪⎭
subject to

p∑

j=1

|βj | ≤ s

(6.8)
and

minimize
β

⎧
⎪⎨

⎪⎩

n∑

i=1

⎛

⎝yi − β0 −
p∑

j=1

βjxij

⎞

⎠
2
⎫
⎪⎬

⎪⎭
subject to

p∑

j=1

β2
j ≤ s,

(6.9)
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SHRINKAGE ( RIDGE, LASSO )

▸ Shrinkage: a simpler model has smaller 
coefficients, instead of cancelling large 
coefficients (zero coeff is subset selection):  

▸ Ridge-regression, L2 penalty (Weight-
decay) 

▸ Lasso-regression, L1 penalty. Sparse 
regression. Often results in 0 coefficients 

▸ Elastic-net: both 

▸ They both increase the training error! (but 
hope to improve generalisation by creating 
a simpler model) 

▸ Essential for underdetermined problems! 
(SVD would not fail but not ideal) 

▸ Note: The scale of predictive variables did 
not matter before! Now it does!

222 6. Linear Model Selection and Regularization

β2 β2

β1β1

β β^^

FIGURE 6.7. Contours of the error and constraint functions for the lasso
(left) and ridge regression (right). The solid blue areas are the constraint re-
gions, |β1|+ |β2| ≤ s and β2

1 + β2
2 ≤ s, while the red ellipses are the contours of

the RSS.

circle represent the lasso and ridge regression constraints in (6.8) and (6.9),
respectively. If s is sufficiently large, then the constraint regions will con-
tain β̂, and so the ridge regression and lasso estimates will be the same as
the least squares estimates. (Such a large value of s corresponds to λ = 0
in (6.5) and (6.7).) However, in Figure 6.7 the least squares estimates lie
outside of the diamond and the circle, and so the least squares estimates
are not the same as the lasso and ridge regression estimates.
The ellipses that are centered around β̂ represent regions of constant

RSS. In other words, all of the points on a given ellipse share a common
value of the RSS. As the ellipses expand away from the least squares co-
efficient estimates, the RSS increases. Equations (6.8) and (6.9) indicate
that the lasso and ridge regression coefficient estimates are given by the
first point at which an ellipse contacts the constraint region. Since ridge
regression has a circular constraint with no sharp points, this intersection
will not generally occur on an axis, and so the ridge regression coefficient
estimates will be exclusively non-zero. However, the lasso constraint has
corners at each of the axes, and so the ellipse will often intersect the con-
straint region at an axis. When this occurs, one of the coefficients will equal
zero. In higher dimensions, many of the coefficient estimates may equal zero
simultaneously. In Figure 6.7, the intersection occurs at β1 = 0, and so the
resulting model will only include β2.
In Figure 6.7, we considered the simple case of p = 2. When p = 3,

then the constraint region for ridge regression becomes a sphere, and the
constraint region for the lasso becomes a polyhedron. When p > 3, the
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gions, |β1|+ |β2| ≤ s and β2

1 + β2
2 ≤ s, while the red ellipses are the contours of

the RSS.

circle represent the lasso and ridge regression constraints in (6.8) and (6.9),
respectively. If s is sufficiently large, then the constraint regions will con-
tain β̂, and so the ridge regression and lasso estimates will be the same as
the least squares estimates. (Such a large value of s corresponds to λ = 0
in (6.5) and (6.7).) However, in Figure 6.7 the least squares estimates lie
outside of the diamond and the circle, and so the least squares estimates
are not the same as the lasso and ridge regression estimates.
The ellipses that are centered around β̂ represent regions of constant

RSS. In other words, all of the points on a given ellipse share a common
value of the RSS. As the ellipses expand away from the least squares co-
efficient estimates, the RSS increases. Equations (6.8) and (6.9) indicate
that the lasso and ridge regression coefficient estimates are given by the
first point at which an ellipse contacts the constraint region. Since ridge
regression has a circular constraint with no sharp points, this intersection
will not generally occur on an axis, and so the ridge regression coefficient
estimates will be exclusively non-zero. However, the lasso constraint has
corners at each of the axes, and so the ellipse will often intersect the con-
straint region at an axis. When this occurs, one of the coefficients will equal
zero. In higher dimensions, many of the coefficient estimates may equal zero
simultaneously. In Figure 6.7, the intersection occurs at β1 = 0, and so the
resulting model will only include β2.
In Figure 6.7, we considered the simple case of p = 2. When p = 3,

then the constraint region for ridge regression becomes a sphere, and the
constraint region for the lasso becomes a polyhedron. When p > 3, the



REGULARISATION

REGULARISATION

▸ Subset selection (training error is larger!) 

▸ Shrinkage (training error is larger!) 

▸ Optimisation: reduce error/loss of training data 

▸ Regularisation: reduce error/loss of unseen 
data, while increasing training error 

▸ Improving generalisation of a model: 
simpler, smoother models 

▸ Most often meant inside a function family, 
(but the structure of function can be thought 
of as a regularisation) 

▸ Controlling the capacity of functions to match 
the problem: large capacity model + 
regularisation



RESOURCES

REFERENCES

▸ ISLR chapter 6.


