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LINEAR REGRESSION -  FROM A MACHINE LEARNING POINT OF VIEW

SIMPLE LINEAR REGRESSION

▸ Starting point 

▸ Simplest parametric function 

▸ Easy to interpret the parameters: 
intercept, coefficients: unit change in x 
makes coefficient times unit change in y 

▸ Can be very accurate in certain problems 

▸ Least squares 

▸ Insight: minimising (log) probability 
(actually the likelihood) of observations 
given Gaussian y distribution
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
Then ei = yi− ŷi represents the ith residual—this is the difference between

residual
the ith observed response value and the ith response value that is predicted
by our linear model. We define the residual sum of squares (RSS) as

residual sum
of squares

RSS = e21 + e22 + · · ·+ e2n,

or equivalently as

RSS = (y1− β̂0− β̂1x1)
2+(y2− β̂0− β̂1x2)

2+ . . .+(yn− β̂0− β̂1xn)
2. (3.3)

The least squares approach chooses β̂0 and β̂1 to minimize the RSS. Using
some calculus, one can show that the minimizers are

β̂1 =

!n
i=1(xi − x̄)(yi − ȳ)!n

i=1(xi − x̄)2
,

β̂0 = ȳ − β̂1x̄,

(3.4)

where ȳ ≡ 1
n

!n
i=1 yi and x̄ ≡ 1

n

!n
i=1 xi are the sample means. In other

words, (3.4) defines the least squares coefficient estimates for simple linear
regression.
Figure 3.1 displays the simple linear regression fit to the Advertising

data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to
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3.1 Simple Linear Regression

Simple linear regression lives up to its name: it is a very straightforward
simple linear
regressionapproach for predicting a quantitative response Y on the basis of a sin-

gle predictor variable X . It assumes that there is approximately a linear
relationship between X and Y . Mathematically, we can write this linear
relationship as

Y ≈ β0 + β1X. (3.1)

You might read “≈” as “is approximately modeled as”. We will sometimes
describe (3.1) by saying that we are regressing Y on X (or Y onto X).
For example, X may represent TV advertising and Y may represent sales.
Then we can regress sales onto TV by fitting the model

sales ≈ β0 + β1 × TV.

In Equation 3.1, β0 and β1 are two unknown constants that represent
the intercept and slope terms in the linear model. Together, β0 and β1 are

intercept

slope
known as the model coefficients or parameters. Once we have used our

coefficient

parameter

training data to produce estimates β̂0 and β̂1 for the model coefficients, we
can predict future sales on the basis of a particular value of TV advertising
by computing

ŷ = β̂0 + β̂1x, (3.2)

where ŷ indicates a prediction of Y on the basis of X = x. Here we use a
hat symbol, ˆ , to denote the estimated value for an unknown parameter
or coefficient, or to denote the predicted value of the response.

3.1.1 Estimating the Coefficients

In practice, β0 and β1 are unknown. So before we can use (3.1) to make
predictions, we must use data to estimate the coefficients. Let

(x1, y1), (x2, y2), . . . , (xn, yn)

represent n observation pairs, each of which consists of a measurement
of X and a measurement of Y . In the Advertising example, this data
set consists of the TV advertising budget and product sales in n = 200
different markets. (Recall that the data are displayed in Figure 2.1.) Our
goal is to obtain coefficient estimates β̂0 and β̂1 such that the linear model
(3.1) fits the available data well—that is, so that yi ≈ β̂0 + β̂1xi for i =
1, . . . , n. In other words, we want to find an intercept β̂0 and a slope β̂1 such
that the resulting line is as close as possible to the n = 200 data points.
There are a number of ways of measuring closeness. However, by far the
most common approach involves minimizing the least squares criterion,

least squares
and we take that approach in this chapter. Alternative approaches will be
considered in Chapter 6.
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
Then ei = yi− ŷi represents the ith residual—this is the difference between
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the ith observed response value and the ith response value that is predicted
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FIGURE 3.2. Contour and three-dimensional plots of the RSS on the
Advertising data, using sales as the response and TV as the predictor. The
red dots correspond to the least squares estimates β̂0 and β̂1, given by (3.4).

this approximation, an additional $1,000 spent on TV advertising is asso-
ciated with selling approximately 47.5 additional units of the product. In
Figure 3.2, we have computed RSS for a number of values of β0 and β1,
using the advertising data with sales as the response and TV as the predic-
tor. In each plot, the red dot represents the pair of least squares estimates
(β̂0, β̂1) given by (3.4). These values clearly minimize the RSS.

3.1.2 Assessing the Accuracy of the Coefficient Estimates

Recall from (2.1) that we assume that the true relationship between X and
Y takes the form Y = f(X) + ϵ for some unknown function f , where ϵ
is a mean-zero random error term. If f is to be approximated by a linear
function, then we can write this relationship as

Y = β0 + β1X + ϵ. (3.5)

Here β0 is the intercept term—that is, the expected value of Y when X = 0,
and β1 is the slope—the average increase in Y associated with a one-unit
increase in X . The error term is a catch-all for what we miss with this
simple model: the true relationship is probably not linear, there may be
other variables that cause variation in Y , and there may be measurement
error. We typically assume that the error term is independent of X .
The model given by (3.5) defines the population regression line, which

population
regression
line

is the best linear approximation to the true relationship between X and
Y .1 The least squares regression coefficient estimates (3.4) characterize the
least squares line (3.2). The left-hand panel of Figure 3.3 displays these

least squares
line

1The assumption of linearity is often a useful working model. However, despite what
many textbooks might tell us, we seldom believe that the true relationship is linear.
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15.1 Least Squares as a Maximum Likelihood
Estimator

Suppose that we are fittingN data points .xi ; yi /, i D 0; : : : ; N ! 1 , to a model
that has M adjustable parameters aj , j D 0; : : : ;M ! 1 . The model predicts a
functional relationship between the measured independent and dependent variables,

y.x/ D y.xja0 : : : aM!1/ (15.1.1)

where the notation indicates dependence on the parameters explicitly on the right-
hand side, following the vertical bar.

What, exactly, do we want to minimize to get fitted values for the aj ’s? The
first thing that comes to mind is the familiar least-squares fit,

minimize over a0 : : : aM!1 W
N!1X

iD0
Œyi ! y.xi ja0 : : : aM!1/!2 (15.1.2)

But where does this come from? What general principles is it based on?
To answer these questions, let us start by asking, “Given a particular set of

parameters, what is the probability that the observed data set should have occurred?”
If the yi ’s take on continuous values, the probability will always be zero unless we
add the phrase, “. . . plus or minus some small, fixed "y on each data point.” So
let’s always take this phrase as understood. If the probability of obtaining the data
set is too small, then we can conclude that the parameters under consideration are
“unlikely” to be right. Conversely, our intuition tells us that the data set should not
be too improbable for the correct choice of parameters.

To be more quantitative, suppose that each data point yi has a measurement er-
ror that is independently random and distributed as a normal (Gaussian) distribution
around the “true” model y.x/. And suppose that the standard deviations # of these
normal distributions are the same for all points. Then the probability of the data set
is the product of the probabilities of each point:

P.data j model/ /
N!1Y

iD0

!
exp

"
! 1
2

#
yi ! y.xi /

#

$2%
"y

&
(15.1.3)
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ACCURACY OF COEFFICIENTS

▸ Data is from a true relationship + errors 

▸ We get the line which fits the 
measurements most accurately using 
OLS 

▸ The true and the measured coefficients 
will be different! 

▸ We can estimate the standard errors of 
estimated parameters, ( assuming 
uncorrelated errors which have a 
common variance (sigma) ) 

▸  We can estimate the errors from the 
data itself: residual standard error, RSE
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FIGURE 3.2. Contour and three-dimensional plots of the RSS on the
Advertising data, using sales as the response and TV as the predictor. The
red dots correspond to the least squares estimates β̂0 and β̂1, given by (3.4).

this approximation, an additional $1,000 spent on TV advertising is asso-
ciated with selling approximately 47.5 additional units of the product. In
Figure 3.2, we have computed RSS for a number of values of β0 and β1,
using the advertising data with sales as the response and TV as the predic-
tor. In each plot, the red dot represents the pair of least squares estimates
(β̂0, β̂1) given by (3.4). These values clearly minimize the RSS.

3.1.2 Assessing the Accuracy of the Coefficient Estimates

Recall from (2.1) that we assume that the true relationship between X and
Y takes the form Y = f(X) + ϵ for some unknown function f , where ϵ
is a mean-zero random error term. If f is to be approximated by a linear
function, then we can write this relationship as

Y = β0 + β1X + ϵ. (3.5)

Here β0 is the intercept term—that is, the expected value of Y when X = 0,
and β1 is the slope—the average increase in Y associated with a one-unit
increase in X . The error term is a catch-all for what we miss with this
simple model: the true relationship is probably not linear, there may be
other variables that cause variation in Y , and there may be measurement
error. We typically assume that the error term is independent of X .
The model given by (3.5) defines the population regression line, which

population
regression
line

is the best linear approximation to the true relationship between X and
Y .1 The least squares regression coefficient estimates (3.4) characterize the
least squares line (3.2). The left-hand panel of Figure 3.3 displays these

least squares
line

1The assumption of linearity is often a useful working model. However, despite what
many textbooks might tell us, we seldom believe that the true relationship is linear.

64 3. Linear Regression

X

Y

−2 −1 0 1 2

X

−2 −1 0 1 2

−1
0

−5
0

5
10

Y

−1
0

−5
0

5
10

FIGURE 3.3. A simulated data set. Left: The red line represents the true rela-
tionship, f(X) = 2 + 3X, which is known as the population regression line. The
blue line is the least squares line; it is the least squares estimate for f(X) based
on the observed data, shown in black. Right: The population regression line is
again shown in red, and the least squares line in dark blue. In light blue, ten least
squares lines are shown, each computed on the basis of a separate random set of
observations. Each least squares line is different, but on average, the least squares
lines are quite close to the population regression line.

two lines in a simple simulated example. We created 100 random Xs, and
generated 100 corresponding Y s from the model

Y = 2 + 3X + ϵ, (3.6)

where ϵ was generated from a normal distribution with mean zero. The
red line in the left-hand panel of Figure 3.3 displays the true relationship,
f(X) = 2 + 3X , while the blue line is the least squares estimate based
on the observed data. The true relationship is generally not known for
real data, but the least squares line can always be computed using the
coefficient estimates given in (3.4). In other words, in real applications,
we have access to a set of observations from which we can compute the
least squares line; however, the population regression line is unobserved.
In the right-hand panel of Figure 3.3 we have generated ten different data
sets from the model given by (3.6) and plotted the corresponding ten least
squares lines. Notice that different data sets generated from the same true
model result in slightly different least squares lines, but the unobserved
population regression line does not change.
At first glance, the difference between the population regression line and

the least squares line may seem subtle and confusing. We only have one
data set, and so what does it mean that two different lines describe the
relationship between the predictor and the response? Fundamentally, the
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where σ is the standard deviation of each of the realizations yi of Y .2

Roughly speaking, the standard error tells us the average amount that this
estimate µ̂ differs from the actual value of µ. Equation 3.7 also tells us how
this deviation shrinks with n—the more observations we have, the smaller
the standard error of µ̂. In a similar vein, we can wonder how close β̂0

and β̂1 are to the true values β0 and β1. To compute the standard errors
associated with β̂0 and β̂1, we use the following formulas:

SE(β̂0)
2
= σ2

!
1

n
+

x̄2

"n
i=1(xi − x̄)2

#
, SE(β̂1)

2
=

σ2

"n
i=1(xi − x̄)2

, (3.8)

where σ2 = Var(ϵ). For these formulas to be strictly valid, we need to as-
sume that the errors ϵi for each observation are uncorrelated with common
variance σ2. This is clearly not true in Figure 3.1, but the formula still
turns out to be a good approximation. Notice in the formula that SE(β̂1) is
smaller when the xi are more spread out; intuitively we have more leverage
to estimate a slope when this is the case. We also see that SE(β̂0) would be
the same as SE(µ̂) if x̄ were zero (in which case β̂0 would be equal to ȳ). In
general, σ2 is not known, but can be estimated from the data. The estimate
of σ is known as the residual standard error, and is given by the formula

residual
standard
error

RSE =
$
RSS/(n− 2). Strictly speaking, when σ2 is estimated from the

data we should write %SE(β̂1) to indicate that an estimate has been made,
but for simplicity of notation we will drop this extra “hat”.
Standard errors can be used to compute confidence intervals. A 95%

confidence
intervalconfidence interval is defined as a range of values such that with 95%

probability, the range will contain the true unknown value of the parameter.
The range is defined in terms of lower and upper limits computed from the
sample of data. For linear regression, the 95% confidence interval for β1

approximately takes the form

β̂1 ± 2 · SE(β̂1). (3.9)

That is, there is approximately a 95% chance that the interval
&
β̂1 − 2 · SE(β̂1), β̂1 + 2 · SE(β̂1)

'
(3.10)

will contain the true value of β1.3 Similarly, a confidence interval for β0

approximately takes the form

β̂0 ± 2 · SE(β̂0). (3.11)

2This formula holds provided that the n observations are uncorrelated.
3Approximately for several reasons. Equation 3.10 relies on the assumption that the

errors are Gaussian. Also, the factor of 2 in front of the SE(β̂1) term will vary slightly
depending on the number of observations n in the linear regression. To be precise, rather
than the number 2, (3.10) should contain the 97.5% quantile of a t-distribution with
n−2 degrees of freedom. Details of how to compute the 95% confidence interval precisely
in R will be provided later in this chapter.
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In the case of the advertising data, the 95% confidence interval for β0

is [6.130,7.935] and the 95% confidence interval for β1 is [0.042, 0.053].
Therefore, we can conclude that in the absence of any advertising, sales will,
on average, fall somewhere between 6,130 and 7,940 units. Furthermore,
for each $1,000 increase in television advertising, there will be an average
increase in sales of between 42 and 53 units.
Standard errors can also be used to perform hypothesis tests on the

hypothesis
testcoefficients. The most common hypothesis test involves testing the null

hypothesis of
null
hypothesis

H0 : There is no relationship between X and Y (3.12)

versus the alternative hypothesis
alternative
hypothesis

Ha : There is some relationship between X and Y . (3.13)

Mathematically, this corresponds to testing

H0 : β1 = 0

versus
Ha : β1 ̸= 0,

since if β1 = 0 then the model (3.5) reduces to Y = β0 + ϵ, and X is
not associated with Y . To test the null hypothesis, we need to determine
whether β̂1, our estimate for β1, is sufficiently far from zero that we can
be confident that β1 is non-zero. How far is far enough? This of course
depends on the accuracy of β̂1—that is, it depends on SE(β̂1). If SE(β̂1) is
small, then even relatively small values of β̂1 may provide strong evidence
that β1 ̸= 0, and hence that there is a relationship between X and Y . In
contrast, if SE(β̂1) is large, then β̂1 must be large in absolute value in order
for us to reject the null hypothesis. In practice, we compute a t-statistic,

t-statistic
given by

t =
β̂1 − 0

SE(β̂1)
, (3.14)

which measures the number of standard deviations that β̂1 is away from
0. If there really is no relationship between X and Y , then we expect
that (3.14) will have a t-distribution with n − 2 degrees of freedom. The t-
distribution has a bell shape and for values of n greater than approximately
30 it is quite similar to the normal distribution. Consequently, it is a simple
matter to compute the probability of observing any number equal to |t| or
larger in absolute value, assuming β1= 0. We call this probability the p-value.

p-value

ial association between the pre-

between the predictor and the response. Hence, if we see a small p-value,

Roughly speaking, we interpret the p-value as follows: a small p-value indicates
that it is unlikely to observe such a substant
dictor and the response due to chance, in the absence of any real association
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then we can infer that there is an association between the predictor and the
response. We reject the null hypothesis—that is, we declare a relationship
to exist between X and Y—if the p-value is small enough. Typical p-value
cutoffs for rejecting the null hypothesis are 5 or 1%. When n = 30, these
correspond to t-statistics (3.14) of around 2 and 2.75, respectively.

Coefficient Std. error t-statistic p-value
Intercept 7.0325 0.4578 15.36 < 0.0001
TV 0.0475 0.0027 17.67 < 0.0001

TABLE 3.1. For the Advertising data, coefficients of the least squares model
for the regression of number of units sold on TV advertising budget. An increase
of $1,000 in the TV advertising budget is associated with an increase in sales by
around 50 units (Recall that the sales variable is in thousands of units, and the
TV variable is in thousands of dollars).

Table 3.1 provides details of the least squares model for the regression of
number of units sold on TV advertising budget for the Advertising data.
Notice that the coefficients for β̂0 and β̂1 are very large relative to their
standard errors, so the t-statistics are also large; the probabilities of seeing
such values if H0 is true are virtually zero. Hence we can conclude that
β0 ̸= 0 and β1 ̸= 0.4

3.1.3 Assessing the Accuracy of the Model

Once we have rejected the null hypothesis (3.12) in favor of the alternative
hypothesis (3.13), it is natural to want to quantify the extent to which the
model fits the data. The quality of a linear regression fit is typically assessed
using two related quantities: the residual standard error (RSE) and the R2

R2

statistic.
Table 3.2 displays the RSE, the R2 statistic, and the F-statistic (to be

described in Section 3.2.2) for the linear regression of number of units sold
on TV advertising budget.

Residual Standard Error

Recall from the model (3.5) that associated with each observation is an
error term ϵ. Due to the presence of these error terms, even if we knew the
true regression line (i.e. even if β0 and β1 were known), we would not be
able to perfectly predict Y from X . The RSE is an estimate of the standard

4In Table 3.1, a small p-value for the intercept indicates that we can reject the null
hypothesis that β0 = 0, and a small p-value for TV indicates that we can reject the null
hypothesis that β1 = 0. Rejecting the latter null hypothesis allows us to conclude that
there is a relationship between TV and sales. Rejecting the former allows us to conclude
that in the absence of TV expenditure, sales are non-zero.
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confidence
intervalconfidence interval is defined as a range of values such that with 95%

probability, the range will contain the true unknown value of the parameter.
The range is defined in terms of lower and upper limits computed from the
sample of data. For linear regression, the 95% confidence interval for β1

approximately takes the form

β̂1 ± 2 · SE(β̂1). (3.9)

That is, there is approximately a 95% chance that the interval
&
β̂1 − 2 · SE(β̂1), β̂1 + 2 · SE(β̂1)

'
(3.10)

will contain the true value of β1.3 Similarly, a confidence interval for β0

approximately takes the form

β̂0 ± 2 · SE(β̂0). (3.11)

2This formula holds provided that the n observations are uncorrelated.
3Approximately for several reasons. Equation 3.10 relies on the assumption that the

errors are Gaussian. Also, the factor of 2 in front of the SE(β̂1) term will vary slightly
depending on the number of observations n in the linear regression. To be precise, rather
than the number 2, (3.10) should contain the 97.5% quantile of a t-distribution with
n−2 degrees of freedom. Details of how to compute the 95% confidence interval precisely
in R will be provided later in this chapter.
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
Then ei = yi− ŷi represents the ith residual—this is the difference between

residual
the ith observed response value and the ith response value that is predicted
by our linear model. We define the residual sum of squares (RSS) as

residual sum
of squares

RSS = e21 + e22 + · · ·+ e2n,

or equivalently as

RSS = (y1− β̂0− β̂1x1)
2+(y2− β̂0− β̂1x2)

2+ . . .+(yn− β̂0− β̂1xn)
2. (3.3)

The least squares approach chooses β̂0 and β̂1 to minimize the RSS. Using
some calculus, one can show that the minimizers are

β̂1 =

!n
i=1(xi − x̄)(yi − ȳ)!n

i=1(xi − x̄)2
,

β̂0 = ȳ − β̂1x̄,

(3.4)

where ȳ ≡ 1
n

!n
i=1 yi and x̄ ≡ 1

n

!n
i=1 xi are the sample means. In other

words, (3.4) defines the least squares coefficient estimates for simple linear
regression.
Figure 3.1 displays the simple linear regression fit to the Advertising

data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to
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FIGURE 3.2. Contour and three-dimensional plots of the RSS on the
Advertising data, using sales as the response and TV as the predictor. The
red dots correspond to the least squares estimates β̂0 and β̂1, given by (3.4).

this approximation, an additional $1,000 spent on TV advertising is asso-
ciated with selling approximately 47.5 additional units of the product. In
Figure 3.2, we have computed RSS for a number of values of β0 and β1,
using the advertising data with sales as the response and TV as the predic-
tor. In each plot, the red dot represents the pair of least squares estimates
(β̂0, β̂1) given by (3.4). These values clearly minimize the RSS.

3.1.2 Assessing the Accuracy of the Coefficient Estimates

Recall from (2.1) that we assume that the true relationship between X and
Y takes the form Y = f(X) + ϵ for some unknown function f , where ϵ
is a mean-zero random error term. If f is to be approximated by a linear
function, then we can write this relationship as

Y = β0 + β1X + ϵ. (3.5)

Here β0 is the intercept term—that is, the expected value of Y when X = 0,
and β1 is the slope—the average increase in Y associated with a one-unit
increase in X . The error term is a catch-all for what we miss with this
simple model: the true relationship is probably not linear, there may be
other variables that cause variation in Y , and there may be measurement
error. We typically assume that the error term is independent of X .
The model given by (3.5) defines the population regression line, which

population
regression
line

is the best linear approximation to the true relationship between X and
Y .1 The least squares regression coefficient estimates (3.4) characterize the
least squares line (3.2). The left-hand panel of Figure 3.3 displays these

least squares
line

1The assumption of linearity is often a useful working model. However, despite what
many textbooks might tell us, we seldom believe that the true relationship is linear.
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of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
mise by averaging their squares. In this case a linear fit captures the essence of
the relationship, although it is somewhat deficient in the left of the plot.
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data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to
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Quantity Value
Residual standard error 3.26
R2 0.612
F-statistic 312.1

TABLE 3.2. For the Advertising data, more information about the least squares
model for the regression of number of units sold on TV advertising budget.

deviation of ϵ. Roughly speaking, it is the average amount that the response
will deviate from the true regression line. It is computed using the formula

RSE =

!
1

n− 2
RSS =

"##$ 1

n− 2

n%

i=1

(yi − ŷi)2. (3.15)

Note that RSS was defined in Section 3.1.1, and is given by the formula

RSS =
n%

i=1

(yi − ŷi)
2. (3.16)

In the case of the advertising data, we see from the linear regression
output in Table 3.2 that the RSE is 3.26. In other words, actual sales in
each market deviate from the true regression line by approximately 3,260
units, on average. Another way to think about this is that even if the
model were correct and the true values of the unknown coefficients β0

and β1 were known exactly, any prediction of sales on the basis of TV
advertising would still be off by about 3,260 units on average. Of course,
whether or not 3,260 units is an acceptable prediction error depends on the
problem context. In the advertising data set, the mean value of sales over
all markets is approximately 14,000 units, and so the percentage error is
3,260/14,000 = 23%.
The RSE is considered a measure of the lack of fit of the model (3.5) to

the data. If the predictions obtained using the model are very close to the
true outcome values—that is, if ŷi ≈ yi for i = 1, . . . , n—then (3.15) will
be small, and we can conclude that the model fits the data very well. On
the other hand, if ŷi is very far from yi for one or more observations, then
the RSE may be quite large, indicating that the model doesn’t fit the data
well.

R2 Statistic

The RSE provides an absolute measure of lack of fit of the model (3.5)
to the data. But since it is measured in the units of Y , it is not always
clear what constitutes a good RSE. The R2 statistic provides an alternative
measure of fit. It takes the form of a proportion—the proportion of variance
explained—and so it always takes on a value between 0 and 1, and is
independent of the scale of Y .
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To calculate R2, we use the formula

R2 =
TSS− RSS

TSS
= 1− RSS

TSS
(3.17)

where TSS =
!

(yi − ȳ)2 is the total sum of squares, and RSS is defined
total sum of
squaresin (3.16). TSS measures the total variance in the response Y , and can be

thought of as the amount of variability inherent in the response before the
regression is performed. In contrast, RSS measures the amount of variability
that is left unexplained after performing the regression. Hence, TSS−RSS
measures the amount of variability in the response that is explained (or
removed) by performing the regression, and R2 measures the proportion
of variability in Y that can be explained using X . An R2 statistic that is
close to 1 indicates that a large proportion of the variability in the response
has been explained by the regression. A number near 0 indicates that the
regression did not explain much of the variability in the response; this might
occur because the linear model is wrong, or the inherent error σ2 is high,
or both. In Table 3.2, the R2 was 0.61, and so just under two-thirds of the
variability in sales is explained by a linear regression on TV.
The R2 statistic (3.17) has an interpretational advantage over the RSE

(3.15), since unlike the RSE, it always lies between 0 and 1. However, it can
still be challenging to determine what is a good R2 value, and in general,
this will depend on the application. For instance, in certain problems in
physics, we may know that the data truly comes from a linear model with
a small residual error. In this case, we would expect to see an R2 value that
is extremely close to 1, and a substantially smallerR2 value might indicate a
serious problem with the experiment in which the data were generated. On
the other hand, in typical applications in biology, psychology, marketing,
and other domains, the linear model (3.5) is at best an extremely rough
approximation to the data, and residual errors due to other unmeasured
factors are often very large. In this setting, we would expect only a very
small proportion of the variance in the response to be explained by the
predictor, and an R2 value well below 0.1 might be more realistic!
The R2 statistic is a measure of the linear relationship between X and

Y . Recall that correlation, defined as
correlation

Cor(X,Y ) =

!n
i=1(xi − x)(yi − y)"!n

i=1(xi − x)2
"!n

i=1(yi − y)2
, (3.18)

is also a measure of the linear relationship between X and Y .5 This sug-
gests that we might be able to use r = Cor(X,Y ) instead of R2 in order to
assess the fit of the linear model. In fact, it can be shown that in the simple
linear regression setting, R2 = r2. In other words, the squared correlation

5We note that in fact, the right-hand side of (3.18) is the sample correlation; thus,

it would be more correct to write !Cor(X, Y ); however, we omit the “hat” for ease of
notation.
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FIGURE 3.1. For the Advertising data, the least squares fit for the regression
of sales onto TV is shown. The fit is found by minimizing the sum of squared
errors. Each grey line segment represents an error, and the fit makes a compro-
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the relationship, although it is somewhat deficient in the left of the plot.

Let ŷi = β̂0 + β̂1xi be the prediction for Y based on the ith value of X .
Then ei = yi− ŷi represents the ith residual—this is the difference between

residual
the ith observed response value and the ith response value that is predicted
by our linear model. We define the residual sum of squares (RSS) as

residual sum
of squares

RSS = e21 + e22 + · · ·+ e2n,

or equivalently as

RSS = (y1− β̂0− β̂1x1)
2+(y2− β̂0− β̂1x2)

2+ . . .+(yn− β̂0− β̂1xn)
2. (3.3)

The least squares approach chooses β̂0 and β̂1 to minimize the RSS. Using
some calculus, one can show that the minimizers are

β̂1 =

!n
i=1(xi − x̄)(yi − ȳ)!n

i=1(xi − x̄)2
,

β̂0 = ȳ − β̂1x̄,

(3.4)

where ȳ ≡ 1
n

!n
i=1 yi and x̄ ≡ 1

n

!n
i=1 xi are the sample means. In other

words, (3.4) defines the least squares coefficient estimates for simple linear
regression.
Figure 3.1 displays the simple linear regression fit to the Advertising

data, where β̂0 = 7.03 and β̂1 = 0.0475. In other words, according to

70 3. Linear Regression

To calculate R2, we use the formula

R2 =
TSS− RSS

TSS
= 1− RSS

TSS
(3.17)

where TSS =
!
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and the R2 statistic are identical. However, in the next section we will
discuss the multiple linear regression problem, in which we use several pre-
dictors simultaneously to predict the response. The concept of correlation
between the predictors and the response does not extend automatically to
this setting, since correlation quantifies the association between a single
pair of variables rather than between a larger number of variables. We will
see that R2 fills this role.

3.2 Multiple Linear Regression

Simple linear regression is a useful approach for predicting a response on the
basis of a single predictor variable. However, in practice we often have more
than one predictor. For example, in the Advertising data, we have examined
the relationship between sales and TV advertising. We also have data for
the amount of money spent advertising on the radio and in newspapers,
and we may want to know whether either of these two media is associated
with sales. How can we extend our analysis of the advertising data in order
to accommodate these two additional predictors?
One option is to run three separate simple linear regressions, each of

which uses a different advertising medium as a predictor. For instance,
we can fit a simple linear regression to predict sales on the basis of the
amount spent on radio advertisements. Results are shown in Table 3.3 (top
table). We find that a $1,000 increase in spending on radio advertising is
associated with an increase in sales by around 203 units. Table 3.3 (bottom
table) contains the least squares coefficients for a simple linear regression of
sales onto newspaper advertising budget. A $1,000 increase in newspaper
advertising budget is associated with an increase in sales by approximately
55 units.
However, the approach of fitting a separate simple linear regression model

for each predictor is not entirely satisfactory. First of all, it is unclear how to
make a single prediction of sales given levels of the three advertising media
budgets, since each of the budgets is associated with a separate regression
equation. Second, each of the three regression equations ignores the other
two media in forming estimates for the regression coefficients. We will see
shortly that if the media budgets are correlated with each other in the 200
markets that constitute our data set, then this can lead to very misleading
estimates of the individual media effects on sales.
Instead of fitting a separate simple linear regression model for each pre-

dictor, a better approach is to extend the simple linear regression model
(3.5) so that it can directly accommodate multiple predictors. We can do
this by giving each predictor a separate slope coefficient in a single model.
In general, suppose that we have p distinct predictors. Then the multiple
linear regression model takes the form

Y = β0 + β1X1 + β2X2 + · · ·+ βpXp + ϵ, (3.19)72 3. Linear Regression

Simple regression of sales on radio

Coefficient Std. error t-statistic p-value
Intercept 9.312 0.563 16.54 < 0.0001
radio 0.203 0.020 9.92 < 0.0001

Simple regression of sales on newspaper

Coefficient Std. error t-statistic p-value
Intercept 12.351 0.621 19.88 < 0.0001
newspaper 0.055 0.017 3.30 0.00115

TABLE 3.3.More simple linear regression models for the Advertising data. Co-
efficients of the simple linear regression model for number of units sold on Top:
radio advertising budget and Bottom: newspaper advertising budget. A $1,000 in-
crease in spending on radio advertising is associated with an average increase in
sales by around 203 units, while the same increase in spending on newspaper ad-
vertising is associated with an average increase in sales by around 55 units (Note
that the sales variable is in thousands of units, and the radio and newspaper
variables are in thousands of dollars).

where Xj represents the jth predictor and βj quantifies the association
between that variable and the response. We interpret βj as the average
effect on Y of a one unit increase in Xj , holding all other predictors fixed.
In the advertising example, (3.19) becomes

sales = β0 + β1 × TV+ β2 × radio+ β3 × newspaper + ϵ. (3.20)

3.2.1 Estimating the Regression Coefficients

As was the case in the simple linear regression setting, the regression coef-
ficients β0,β1, . . . ,βp in (3.19) are unknown, and must be estimated. Given

estimates β̂0, β̂1, . . . , β̂p, we can make predictions using the formula

ŷ = β̂0 + β̂1x1 + β̂2x2 + · · ·+ β̂pxp. (3.21)

The parameters are estimated using the same least squares approach that
we saw in the context of simple linear regression. We choose β0,β1, . . . ,βp

to minimize the sum of squared residuals

RSS =
n!

i=1

(yi − ŷi)
2

=
n!

i=1

(yi − β̂0 − β̂1xi1 − β̂2xi2 − · · ·− β̂pxip)
2. (3.22)
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Coefficient Std. error t-statistic p-value
Intercept 2.939 0.3119 9.42 < 0.0001
TV 0.046 0.0014 32.81 < 0.0001
radio 0.189 0.0086 21.89 < 0.0001
newspaper −0.001 0.0059 −0.18 0.8599

TABLE 3.4. For the Advertising data, least squares coefficient estimates of the
multiple linear regression of number of units sold on radio, TV, and newspaper
advertising budgets.

that the simple and multiple regression coefficients can be quite different.
This difference stems from the fact that in the simple regression case, the
slope term represents the average effect of a $1,000 increase in newspaper
advertising, ignoring other predictors such as TV and radio. In contrast, in
the multiple regression setting, the coefficient for newspaper represents the
average effect of increasing newspaper spending by $1,000 while holding TV

and radio fixed.
Does it make sense for the multiple regression to suggest no relationship

between sales and newspaper while the simple linear regression implies the
opposite? In fact it does. Consider the correlation matrix for the three
predictor variables and response variable, displayed in Table 3.5. Notice
that the correlation between radio and newspaper is 0.35. This reveals a
tendency to spend more on newspaper advertising in markets where more
is spent on radio advertising. Now suppose that the multiple regression is
correct and newspaper advertising has no direct impact on sales, but radio
advertising does increase sales. Then in markets where we spend more
on radio our sales will tend to be higher, and as our correlation matrix
shows, we also tend to spend more on newspaper advertising in those same
markets. Hence, in a simple linear regression which only examines sales

versus newspaper, we will observe that higher values of newspaper tend to be
associated with higher values of sales, even though newspaper advertising
does not actually affect sales. So newspaper sales are a surrogate for radio

advertising; newspaper gets “credit” for the effect of radio on sales.
This slightly counterintuitive result is very common in many real life

situations. Consider an absurd example to illustrate the point. Running
a regression of shark attacks versus ice cream sales for data collected at
a given beach community over a period of time would show a positive
relationship, similar to that seen between sales and newspaper. Of course
no one (yet) has suggested that ice creams should be banned at beaches
to reduce shark attacks. In reality, higher temperatures cause more people
to visit the beach, which in turn results in more ice cream sales and more
shark attacks. A multiple regression of attacks versus ice cream sales and
temperature reveals that, as intuition implies, the former predictor is no
longer significant after adjusting for temperature.
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TV radio newspaper sales

TV 1.0000 0.0548 0.0567 0.7822
radio 1.0000 0.3541 0.5762
newspaper 1.0000 0.2283
sales 1.0000

TABLE 3.5. Correlation matrix for TV, radio, newspaper, and sales for the
Advertising data.

3.2.2 Some Important Questions

When we perform multiple linear regression, we usually are interested in
answering a few important questions.

1. Is at least one of the predictors X1, X2, . . . , Xp useful in predicting
the response?

2. Do all the predictors help to explain Y , or is only a subset of the
predictors useful?

3. How well does the model fit the data?

4. Given a set of predictor values, what response value should we predict,
and how accurate is our prediction?

We now address each of these questions in turn.

One: Is There a Relationship Between the Response and Predictors?

Recall that in the simple linear regression setting, in order to determine
whether there is a relationship between the response and the predictor we
can simply check whether β1 = 0. In the multiple regression setting with p
predictors, we need to ask whether all of the regression coefficients are zero,
i.e. whether β1 = β2 = · · · = βp = 0. As in the simple linear regression
setting, we use a hypothesis test to answer this question. We test the null
hypothesis,

H0 : β1 = β2 = · · · = βp = 0

versus the alternative

Ha : at least one βj is non-zero.

This hypothesis test is performed by computing the F-statistic,
F-statistic

F =
(TSS− RSS)/p

RSS/(n− p− 1)
, (3.23)
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FIGURE 3.5. For the Advertising data, a linear regression fit to sales using
TV and radio as predictors. From the pattern of the residuals, we can see that
there is a pronounced non-linear relationship in the data. The positive residuals
(those visible above the surface), tend to lie along the 45-degree line, where TV
and Radio budgets are split evenly. The negative residuals (most not visible), tend
to lie away from this line, where budgets are more lopsided.

gression. It suggests a synergy or interaction effect between the advertising
media, whereby combining the media together results in a bigger boost to
sales than using any single medium. In Section 3.3.2, we will discuss ex-
tending the linear model to accommodate such synergistic effects through
the use of interaction terms.

Four: Predictions

Once we have fit the multiple regression model, it is straightforward to
apply (3.21) in order to predict the response Y on the basis of a set of
values for the predictors X1, X2, . . . , Xp. However, there are three sorts of
uncertainty associated with this prediction.

1. The coefficient estimates β̂0, β̂1, . . . , β̂p are estimates for β0,β1, . . . ,βp.
That is, the least squares plane

Ŷ = β̂0 + β̂1X1 + · · ·+ β̂pXp

is only an estimate for the true population regression plane

f(X) = β0 + β1X1 + · · ·+ βpXp.

The inaccuracy in the coefficient estimates is related to the reducible
error from Chapter 2. We can compute a confidence interval in order
to determine how close Ŷ will be to f(X).
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QUALITATIVE INPUTS TO LINEAR REGRESSION

▸ X can be a category 

▸ Gender, ethnicity, 
marital status, phone 
type, country, .. 

▸ Binary inputs 

▸ Multiple categories 

▸ It is called one-hot 
encoding
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Coefficient Std. error t-statistic p-value
Intercept 509.80 33.13 15.389 < 0.0001
gender[Female] 19.73 46.05 0.429 0.6690

TABLE 3.7. Least squares coefficient estimates associated with the regression of
balance onto gender in the Credit data set. The linear model is given in (3.27).
That is, gender is encoded as a dummy variable, as in (3.26).

Predictors with Only Two Levels

Suppose that we wish to investigate differences in credit card balance be-
tween males and females, ignoring the other variables for the moment. If a
qualitative predictor (also known as a factor) only has two levels, or possi-

factor

levelble values, then incorporating it into a regression model is very simple. We
simply create an indicator or dummy variable that takes on two possible

dummy
variablenumerical values. For example, based on the gender variable, we can create

a new variable that takes the form

xi =

!
1 if ith person is female

0 if ith person is male,
(3.26)

and use this variable as a predictor in the regression equation. This results
in the model

yi = β0 + β1xi + ϵi =

!
β0 + β1 + ϵi if ith person is female

β0 + ϵi if ith person is male.
(3.27)

Now β0 can be interpreted as the average credit card balance among males,
β0 + β1 as the average credit card balance among females, and β1 as the
average difference in credit card balance between females and males.
Table 3.7 displays the coefficient estimates and other information asso-

ciated with the model (3.27). The average credit card debt for males is
estimated to be $509.80, whereas females are estimated to carry $19.73 in
additional debt for a total of $509.80 + $19.73 = $529.53. However, we
notice that the p-value for the dummy variable is very high. This indicates
that there is no statistical evidence of a difference in average credit card
balance between the genders.
The decision to code females as 1 and males as 0 in (3.27) is arbitrary, and

has no effect on the regression fit, but does alter the interpretation of the
coefficients. If we had coded males as 1 and females as 0, then the estimates
for β0 and β1 would have been 529.53 and −19.73, respectively, leading once
again to a prediction of credit card debt of $529.53− $19.73 = $509.80 for
males and a prediction of $529.53 for females. Alternatively, instead of a
0/1 coding scheme, we could create a dummy variable
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xi =

!
1 if ith person is female

−1 if ith person is male

and use this variable in the regression equation. This results in the model

yi = β0 + β1xi + ϵi =

!
β0 + β1 + ϵi if ith person is female

β0 − β1 + ϵi if ith person is male.

Now β0 can be interpreted as the overall average credit card balance (ig-
noring the gender effect), and β1 is the amount that females are above the
average and males are below the average. In this example, the estimate for
β0 would be $519.665, halfway between the male and female averages of
$509.80 and $529.53. The estimate for β1 would be $9.865, which is half of
$19.73, the average difference between females and males. It is important to
note that the final predictions for the credit balances of males and females
will be identical regardless of the coding scheme used. The only difference
is in the way that the coefficients are interpreted.

Qualitative Predictors with More than Two Levels

When a qualitative predictor has more than two levels, a single dummy
variable cannot represent all possible values. In this situation, we can create
additional dummy variables. For example, for the ethnicity variable we
create two dummy variables. The first could be

xi1 =

!
1 if ith person is Asian

0 if ith person is not Asian,
(3.28)

and the second could be

xi2 =

!
1 if ith person is Caucasian

0 if ith person is not Caucasian.
(3.29)

Then both of these variables can be used in the regression equation, in
order to obtain the model

yi = β0+β1xi1+β2xi2+ϵi =

⎧
⎪⎨

⎪⎩

β0+β1+ϵi if ith person is Asian

β0+β2+ϵi if ith person is Caucasian

β0+ϵi if ith person is African American.

(3.30)
Now β0 can be interpreted as the average credit card balance for African
Americans, β1 can be interpreted as the difference in the average balance
between the Asian and African American categories, and β2 can be inter-
preted as the difference in the average balance between the Caucasian and
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EXTENDING LINEAR REGRESSION: INTERACTIONS
▸ Linear regression is additive 

▸ Best strategy? 

▸ Spend all our money on radio ads 

▸ Some companies do that, but others have 
more balanced strategy 

▸ Interaction (synergy) between TV and radio 

▸ TV x radio is just treated as a new variable, 
OLS fitting as before 

▸ Y is not a linear function of X, but linear in 
B-s, and the same formalism can be used 

▸ B_3 can be interpreted as the increase of the 
effectiveness of TV ads for one unit increase 
in radio ads
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Sales

Radio
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FIGURE 3.5. For the Advertising data, a linear regression fit to sales using
TV and radio as predictors. From the pattern of the residuals, we can see that
there is a pronounced non-linear relationship in the data. The positive residuals
(those visible above the surface), tend to lie along the 45-degree line, where TV
and Radio budgets are split evenly. The negative residuals (most not visible), tend
to lie away from this line, where budgets are more lopsided.

gression. It suggests a synergy or interaction effect between the advertising
media, whereby combining the media together results in a bigger boost to
sales than using any single medium. In Section 3.3.2, we will discuss ex-
tending the linear model to accommodate such synergistic effects through
the use of interaction terms.

Four: Predictions

Once we have fit the multiple regression model, it is straightforward to
apply (3.21) in order to predict the response Y on the basis of a set of
values for the predictors X1, X2, . . . , Xp. However, there are three sorts of
uncertainty associated with this prediction.

1. The coefficient estimates β̂0, β̂1, . . . , β̂p are estimates for β0,β1, . . . ,βp.
That is, the least squares plane

Ŷ = β̂0 + β̂1X1 + · · ·+ β̂pXp

is only an estimate for the true population regression plane

f(X) = β0 + β1X1 + · · ·+ βpXp.

The inaccuracy in the coefficient estimates is related to the reducible
error from Chapter 2. We can compute a confidence interval in order
to determine how close Ŷ will be to f(X).
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Coefficient Std. error t-statistic p-value
Intercept 2.939 0.3119 9.42 < 0.0001
TV 0.046 0.0014 32.81 < 0.0001
radio 0.189 0.0086 21.89 < 0.0001
newspaper −0.001 0.0059 −0.18 0.8599

TABLE 3.4. For the Advertising data, least squares coefficient estimates of the
multiple linear regression of number of units sold on radio, TV, and newspaper
advertising budgets.

that the simple and multiple regression coefficients can be quite different.
This difference stems from the fact that in the simple regression case, the
slope term represents the average effect of a $1,000 increase in newspaper
advertising, ignoring other predictors such as TV and radio. In contrast, in
the multiple regression setting, the coefficient for newspaper represents the
average effect of increasing newspaper spending by $1,000 while holding TV

and radio fixed.
Does it make sense for the multiple regression to suggest no relationship

between sales and newspaper while the simple linear regression implies the
opposite? In fact it does. Consider the correlation matrix for the three
predictor variables and response variable, displayed in Table 3.5. Notice
that the correlation between radio and newspaper is 0.35. This reveals a
tendency to spend more on newspaper advertising in markets where more
is spent on radio advertising. Now suppose that the multiple regression is
correct and newspaper advertising has no direct impact on sales, but radio
advertising does increase sales. Then in markets where we spend more
on radio our sales will tend to be higher, and as our correlation matrix
shows, we also tend to spend more on newspaper advertising in those same
markets. Hence, in a simple linear regression which only examines sales

versus newspaper, we will observe that higher values of newspaper tend to be
associated with higher values of sales, even though newspaper advertising
does not actually affect sales. So newspaper sales are a surrogate for radio

advertising; newspaper gets “credit” for the effect of radio on sales.
This slightly counterintuitive result is very common in many real life

situations. Consider an absurd example to illustrate the point. Running
a regression of shark attacks versus ice cream sales for data collected at
a given beach community over a period of time would show a positive
relationship, similar to that seen between sales and newspaper. Of course
no one (yet) has suggested that ice creams should be banned at beaches
to reduce shark attacks. In reality, higher temperatures cause more people
to visit the beach, which in turn results in more ice cream sales and more
shark attacks. A multiple regression of attacks versus ice cream sales and
temperature reveals that, as intuition implies, the former predictor is no
longer significant after adjusting for temperature.
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means that the effect of changes in a predictor Xj on the response Y is
independent of the values of the other predictors. The linear assumption
states that the change in the response Y due to a one-unit change in Xj is
constant, regardless of the value of Xj . In this book, we examine a number
of sophisticated methods that relax these two assumptions. Here, we briefly
examine some common classical approaches for extending the linear model.

Removing the Additive Assumption

In our previous analysis of the Advertising data, we concluded that both TV

and radio seem to be associated with sales. The linear models that formed
the basis for this conclusion assumed that the effect on sales of increasing
one advertising medium is independent of the amount spent on the other
media. For example, the linear model (3.20) states that the average effect
on sales of a one-unit increase in TV is always β1, regardless of the amount
spent on radio.
However, this simple model may be incorrect. Suppose that spending

money on radio advertising actually increases the effectiveness of TV ad-
vertising, so that the slope term for TV should increase as radio increases.
In this situation, given a fixed budget of $100,000, spending half on radio

and half on TV may increase sales more than allocating the entire amount
to either TV or to radio. In marketing, this is known as a synergy effect,
and in statistics it is referred to as an interaction effect. Figure 3.5 sug-
gests that such an effect may be present in the advertising data. Notice
that when levels of either TV or radio are low, then the true sales are lower
than predicted by the linear model. But when advertising is split between
the two media, then the model tends to underestimate sales.
Consider the standard linear regression model with two variables,

Y = β0 + β1X1 + β2X2 + ϵ.

According to this model, if we increase X1 by one unit, then Y will increase
by an average of β1 units. Notice that the presence of X2 does not alter
this statement—that is, regardless of the value of X2, a one-unit increase
in X1 will lead to a β1-unit increase in Y . One way of extending this model
to allow for interaction effects is to include a third predictor, called an
interaction term, which is constructed by computing the product of X1

and X2. This results in the model

Y = β0 + β1X1 + β2X2 + β3X1X2 + ϵ. (3.31)

How does inclusion of this interaction term relax the additive assumption?
Notice that (3.31) can be rewritten as

Y = β0 + (β1 + β3X2)X1 + β2X2 + ϵ (3.32)

= β0 + β̃1X1 + β2X2 + ϵ
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Coefficient Std. error t-statistic p-value
Intercept 6.7502 0.248 27.23 < 0.0001
TV 0.0191 0.002 12.70 < 0.0001
radio 0.0289 0.009 3.24 0.0014
TV×radio 0.0011 0.000 20.73 < 0.0001

TABLE 3.9. For the Advertising data, least squares coefficient estimates asso-
ciated with the regression of sales onto TV and radio, with an interaction term,
as in (3.33).

where β̃1 = β1 + β3X2. Since β̃1 changes with X2, the effect of X1 on Y is
no longer constant: adjusting X2 will change the impact of X1 on Y .
For example, suppose that we are interested in studying the productiv-

ity of a factory. We wish to predict the number of units produced on the
basis of the number of production lines and the total number of workers.
It seems likely that the effect of increasing the number of production lines
will depend on the number of workers, since if no workers are available
to operate the lines, then increasing the number of lines will not increase
production. This suggests that it would be appropriate to include an inter-
action term between lines and workers in a linear model to predict units.
Suppose that when we fit the model, we obtain

units ≈ 1.2 + 3.4× lines+ 0.22× workers + 1.4× (lines × workers)

= 1.2 + (3.4 + 1.4× workers)× lines+ 0.22× workers.

In other words, adding an additional line will increase the number of units
produced by 3.4 + 1.4 × workers. Hence the more workers we have, the
stronger will be the effect of lines.
We now return to the Advertising example. A linear model that uses

radio, TV, and an interaction between the two to predict sales takes the
form

sales = β0 + β1 × TV+ β2 × radio+ β3 × (radio × TV) + ϵ

= β0 + (β1 + β3 × radio)× TV+ β2 × radio + ϵ. (3.33)

We can interpret β3 as the increase in the effectiveness of TV advertising
for a one unit increase in radio advertising (or vice-versa). The coefficients
that result from fitting the model (3.33) are given in Table 3.9.
The results in Table 3.9 strongly suggest that the model that includes the

interaction term is superior to the model that contains only main effects.
main effect

The p-value for the interaction term, TV×radio, is extremely low, indicating
that there is strong evidence for Ha : β3 ̸= 0. In other words, it is clear that
the true relationship is not additive. The R2 for the model (3.33) is 96.8%,
compared to only 89.7% for the model that predicts sales using TV and
radio without an interaction term. This means that (96.8 − 89.7)/(100 −
89.7) = 69% of the variability in sales that remains after fitting the ad-
ditive model has been explained by the interaction term. The coefficient
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= 1.2 + (3.4 + 1.4× workers)× lines+ 0.22× workers.

In other words, adding an additional line will increase the number of units
produced by 3.4 + 1.4 × workers. Hence the more workers we have, the
stronger will be the effect of lines.
We now return to the Advertising example. A linear model that uses

radio, TV, and an interaction between the two to predict sales takes the
form

sales = β0 + β1 × TV+ β2 × radio+ β3 × (radio × TV) + ϵ

= β0 + (β1 + β3 × radio)× TV+ β2 × radio + ϵ. (3.33)

We can interpret β3 as the increase in the effectiveness of TV advertising
for a one unit increase in radio advertising (or vice-versa). The coefficients
that result from fitting the model (3.33) are given in Table 3.9.
The results in Table 3.9 strongly suggest that the model that includes the

interaction term is superior to the model that contains only main effects.
main effect

The p-value for the interaction term, TV×radio, is extremely low, indicating
that there is strong evidence for Ha : β3 ̸= 0. In other words, it is clear that
the true relationship is not additive. The R2 for the model (3.33) is 96.8%,
compared to only 89.7% for the model that predicts sales using TV and
radio without an interaction term. This means that (96.8 − 89.7)/(100 −
89.7) = 69% of the variability in sales that remains after fitting the ad-
ditive model has been explained by the interaction term. The coefficient
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Coefficient Std. error t-statistic p-value
Intercept 6.7502 0.248 27.23 < 0.0001
TV 0.0191 0.002 12.70 < 0.0001
radio 0.0289 0.009 3.24 0.0014
TV×radio 0.0011 0.000 20.73 < 0.0001

TABLE 3.9. For the Advertising data, least squares coefficient estimates asso-
ciated with the regression of sales onto TV and radio, with an interaction term,
as in (3.33).

where β̃1 = β1 + β3X2. Since β̃1 changes with X2, the effect of X1 on Y is
no longer constant: adjusting X2 will change the impact of X1 on Y .
For example, suppose that we are interested in studying the productiv-

ity of a factory. We wish to predict the number of units produced on the
basis of the number of production lines and the total number of workers.
It seems likely that the effect of increasing the number of production lines
will depend on the number of workers, since if no workers are available
to operate the lines, then increasing the number of lines will not increase
production. This suggests that it would be appropriate to include an inter-
action term between lines and workers in a linear model to predict units.
Suppose that when we fit the model, we obtain

units ≈ 1.2 + 3.4× lines+ 0.22× workers + 1.4× (lines × workers)

= 1.2 + (3.4 + 1.4× workers)× lines+ 0.22× workers.

In other words, adding an additional line will increase the number of units
produced by 3.4 + 1.4 × workers. Hence the more workers we have, the
stronger will be the effect of lines.
We now return to the Advertising example. A linear model that uses

radio, TV, and an interaction between the two to predict sales takes the
form

sales = β0 + β1 × TV+ β2 × radio+ β3 × (radio × TV) + ϵ

= β0 + (β1 + β3 × radio)× TV+ β2 × radio + ϵ. (3.33)

We can interpret β3 as the increase in the effectiveness of TV advertising
for a one unit increase in radio advertising (or vice-versa). The coefficients
that result from fitting the model (3.33) are given in Table 3.9.
The results in Table 3.9 strongly suggest that the model that includes the

interaction term is superior to the model that contains only main effects.
main effect

The p-value for the interaction term, TV×radio, is extremely low, indicating
that there is strong evidence for Ha : β3 ̸= 0. In other words, it is clear that
the true relationship is not additive. The R2 for the model (3.33) is 96.8%,
compared to only 89.7% for the model that predicts sales using TV and
radio without an interaction term. This means that (96.8 − 89.7)/(100 −
89.7) = 69% of the variability in sales that remains after fitting the ad-
ditive model has been explained by the interaction term. The coefficient



LINEAR REGRESSION -  FROM A MACHINE LEARNING POINT OF VIEW

EXTENDING LINEAR REGRESSION: POLYNOMIAL REGRESSION

▸ Effects may be non linear, e.g.: very 
often saturating 

▸ We can add polynomials of x as 
different variables, OLS fitting as 
before 

▸ Again, y is not a linear function of x, 
but linear in B-s, and the same 
formalism can be used 

▸ Actually we can use any functions of x, 
log(x), cos(x), sin(x), etc. Until the 
outcome is linear in the coefficients. 
E.g.: we can not use cos(a*x+b) in 
linear regression.
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FIGURE 3.8. The Auto data set. For a number of cars, mpg and horsepower are
shown. The linear regression fit is shown in orange. The linear regression fit for a
model that includes horsepower2 is shown as a blue curve. The linear regression
fit for a model that includes all polynomials of horsepower up to fifth-degree is
shown in green.

orange line represents the linear regression fit. There is a pronounced rela-
tionship between mpg and horsepower, but it seems clear that this relation-
ship is in fact non-linear: the data suggest a curved relationship. A simple
approach for incorporating non-linear associations in a linear model is to
include transformed versions of the predictors in the model. For example,
the points in Figure 3.8 seem to have a quadratic shape, suggesting that a

quadratic
model of the form

mpg = β0 + β1 × horsepower + β2 × horsepower2 + ϵ (3.36)

may provide a better fit. Equation 3.36 involves predicting mpg using a
non-linear function of horsepower. But it is still a linear model! That is,
(3.36) is simply a multiple linear regression model with X1 = horsepower

and X2 = horsepower2. So we can use standard linear regression software to
estimate β0,β1, and β2 in order to produce a non-linear fit. The blue curve
in Figure 3.8 shows the resulting quadratic fit to the data. The quadratic
fit appears to be substantially better than the fit obtained when just the
linear term is included. The R2 of the quadratic fit is 0.688, compared to
0.606 for the linear fit, and the p-value in Table 3.10 for the quadratic term
is highly significant.
If including horsepower2 led to such a big improvement in the model, why

not include horsepower3, horsepower4, or even horsepower5? The green curve
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FIGURE 3.8. The Auto data set. For a number of cars, mpg and horsepower are
shown. The linear regression fit is shown in orange. The linear regression fit for a
model that includes horsepower2 is shown as a blue curve. The linear regression
fit for a model that includes all polynomials of horsepower up to fifth-degree is
shown in green.

orange line represents the linear regression fit. There is a pronounced rela-
tionship between mpg and horsepower, but it seems clear that this relation-
ship is in fact non-linear: the data suggest a curved relationship. A simple
approach for incorporating non-linear associations in a linear model is to
include transformed versions of the predictors in the model. For example,
the points in Figure 3.8 seem to have a quadratic shape, suggesting that a

quadratic
model of the form

mpg = β0 + β1 × horsepower + β2 × horsepower2 + ϵ (3.36)

may provide a better fit. Equation 3.36 involves predicting mpg using a
non-linear function of horsepower. But it is still a linear model! That is,
(3.36) is simply a multiple linear regression model with X1 = horsepower

and X2 = horsepower2. So we can use standard linear regression software to
estimate β0,β1, and β2 in order to produce a non-linear fit. The blue curve
in Figure 3.8 shows the resulting quadratic fit to the data. The quadratic
fit appears to be substantially better than the fit obtained when just the
linear term is included. The R2 of the quadratic fit is 0.688, compared to
0.606 for the linear fit, and the p-value in Table 3.10 for the quadratic term
is highly significant.
If including horsepower2 led to such a big improvement in the model, why

not include horsepower3, horsepower4, or even horsepower5? The green curve
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Coefficient Std. error t-statistic p-value
Intercept 56.9001 1.8004 31.6 < 0.0001
horsepower −0.4662 0.0311 −15.0 < 0.0001
horsepower2 0.0012 0.0001 10.1 < 0.0001

TABLE 3.10. For the Auto data set, least squares coefficient estimates associated
with the regression of mpg onto horsepower and horsepower2.

in Figure 3.8 displays the fit that results from including all polynomials up
to fifth degree in the model (3.36). The resulting fit seems unnecessarily
wiggly—that is, it is unclear that including the additional terms really has
led to a better fit to the data.
The approach that we have just described for extending the linear model

to accommodate non-linear relationships is known as polynomial regres-
sion, since we have included polynomial functions of the predictors in the
regression model. We further explore this approach and other non-linear
extensions of the linear model in Chapter 7.

3.3.3 Potential Problems

When we fit a linear regression model to a particular data set, many prob-
lems may occur. Most common among these are the following:

1. Non-linearity of the response-predictor relationships.

2. Correlation of error terms.

3. Non-constant variance of error terms.

4. Outliers.

5. High-leverage points.

6. Collinearity.

In practice, identifying and overcoming these problems is as much an
art as a science. Many pages in countless books have been written on this
topic. Since the linear regression model is not our primary focus here, we
will provide only a brief summary of some key points.

1. Non-linearity of the Data

The linear regression model assumes that there is a straight-line relation-
ship between the predictors and the response. If the true relationship is
far from linear, then virtually all of the conclusions that we draw from the
fit are suspect. In addition, the prediction accuracy of the model can be
significantly reduced.
Residual plots are a useful graphical tool for identifying non-linearity.

residual plot
Given a simple linear regression model, we can plot the residuals, ei =
yi − ŷi, versus the predictor xi. In the case of a multiple regression model,
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DETECTING NON-LINEARITY, OUTLIERS, HIGH LEVERAGE
▸ Clear trends in residuals indicate 

non-linearity 

▸ Residuals plots are also useful to 
identify outliers 

▸ Could be just measurement 
error or indicate problems 
with the model itself 

▸ High leverage points have strong 
effect on coefficients
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FIGURE 3.9. Plots of residuals versus predicted (or fitted) values for the Auto
data set. In each plot, the red line is a smooth fit to the residuals, intended to make
it easier to identify a trend. Left: A linear regression of mpg on horsepower. A
strong pattern in the residuals indicates non-linearity in the data. Right: A linear
regression of mpg on horsepower and horsepower2. There is little pattern in the
residuals.

since there are multiple predictors, we instead plot the residuals versus
the predicted (or fitted) values ŷi. Ideally, the residual plot will show no

fitted
discernible pattern. The presence of a pattern may indicate a problem with
some aspect of the linear model.
The left panel of Figure 3.9 displays a residual plot from the linear

regression of mpg onto horsepower on the Auto data set that was illustrated
in Figure 3.8. The red line is a smooth fit to the residuals, which is displayed
in order to make it easier to identify any trends. The residuals exhibit a
clear U-shape, which provides a strong indication of non-linearity in the
data. In contrast, the right-hand panel of Figure 3.9 displays the residual
plot that results from the model (3.36), which contains a quadratic term.
There appears to be little pattern in the residuals, suggesting that the
quadratic term improves the fit to the data.
If the residual plot indicates that there are non-linear associations in the

data, then a simple approach is to use non-linear transformations of the
predictors, such as logX ,

√
X, and X2, in the regression model. In the

later chapters of this book, we will discuss other more advanced non-linear
approaches for addressing this issue.

2. Correlation of Error Terms

An important assumption of the linear regression model is that the error
terms, ϵ1, ϵ2, . . . , ϵn, are uncorrelated. What does this mean? For instance,
if the errors are uncorrelated, then the fact that ϵi is positive provides
little or no information about the sign of ϵi+1. The standard errors that
are computed for the estimated regression coefficients or the fitted values

3.3 Other Considerations in the Regression Model 97

−2 −1 0 1 2

−4
−2

0
2

4
6

20

−2 0 2 4 6
−1

0
1

2
3

4
Fitted Values

R
es

id
ua

ls

20

−2 0 2 4 6

0
2

4
6

Fitted Values

S
tu

de
nt

iz
ed

 R
es

id
ua

ls

20

X

Y

FIGURE 3.12. Left: The least squares regression line is shown in red, and the
regression line after removing the outlier is shown in blue. Center: The residual
plot clearly identifies the outlier. Right: The outlier has a studentized residual of
6; typically we expect values between −3 and 3.

p-values, such a dramatic increase caused by a single data point can have
implications for the interpretation of the fit. Similarly, inclusion of the
outlier causes the R2 to decline from 0.892 to 0.805.
Residual plots can be used to identify outliers. In this example, the out-

lier is clearly visible in the residual plot illustrated in the center panel of
Figure 3.12. But in practice, it can be difficult to decide how large a resid-
ual needs to be before we consider the point to be an outlier. To address
this problem, instead of plotting the residuals, we can plot the studentized
residuals, computed by dividing each residual ei by its estimated standard

studentized
residualerror. Observations whose studentized residuals are greater than 3 in abso-

lute value are possible outliers. In the right-hand panel of Figure 3.12, the
outlier’s studentized residual exceeds 6, while all other observations have
studentized residuals between −2 and 2.
If we believe that an outlier has occurred due to an error in data collec-

tion or recording, then one solution is to simply remove the observation.
However, care should be taken, since an outlier may instead indicate a
deficiency with the model, such as a missing predictor.

5. High Leverage Points

We just saw that outliers are observations for which the response yi is
unusual given the predictor xi. In contrast, observations with high leverage

high leverage
have an unusual value for xi. For example, observation 41 in the left-hand
panel of Figure 3.13 has high leverage, in that the predictor value for this
observation is large relative to the other observations. (Note that the data
displayed in Figure 3.13 are the same as the data displayed in Figure 3.12,
but with the addition of a single high leverage observation.) The red solid
line is the least squares fit to the data, while the blue dashed line is the
fit produced when observation 41 is removed. Comparing the left-hand
panels of Figures 3.12 and 3.13, we observe that removing the high leverage
observation has a much more substantial impact on the least squares line
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FIGURE 3.13. Left: Observation 41 is a high leverage point, while 20 is not.
The red line is the fit to all the data, and the blue line is the fit with observation
41 removed. Center: The red observation is not unusual in terms of its X1 value
or its X2 value, but still falls outside the bulk of the data, and hence has high
leverage. Right: Observation 41 has a high leverage and a high residual.

than removing the outlier. In fact, high leverage observations tend to have
a sizable impact on the estimated regression line. It is cause for concern if
the least squares line is heavily affected by just a couple of observations,
because any problems with these points may invalidate the entire fit. For
this reason, it is important to identify high leverage observations.
In a simple linear regression, high leverage observations are fairly easy to

identify, since we can simply look for observations for which the predictor
value is outside of the normal range of the observations. But in a multiple
linear regression with many predictors, it is possible to have an observation
that is well within the range of each individual predictor’s values, but that
is unusual in terms of the full set of predictors. An example is shown in
the center panel of Figure 3.13, for a data set with two predictors, X1 and
X2. Most of the observations’ predictor values fall within the blue dashed
ellipse, but the red observation is well outside of this range. But neither its
value for X1 nor its value for X2 is unusual. So if we examine just X1 or
just X2, we will fail to notice this high leverage point. This problem is more
pronounced in multiple regression settings with more than two predictors,
because then there is no simple way to plot all dimensions of the data
simultaneously.
In order to quantify an observation’s leverage, we compute the leverage

statistic. A large value of this statistic indicates an observation with high
leverage
statisticleverage. For a simple linear regression,

hi =
1

n
+

(xi − x̄)2!n
i′=1(xi′ − x̄)2

. (3.37)

It is clear from this equation that hi increases with the distance of xi from x̄.
There is a simple extension of hi to the case of multiple predictors, though
we do not provide the formula here. The leverage statistic hi is always
between 1/n and 1, and the average leverage for all the observations is
always equal to (p+1)/n. So if a given observation has a leverage statistic
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FIGURE 3.13. Left: Observation 41 is a high leverage point, while 20 is not.
The red line is the fit to all the data, and the blue line is the fit with observation
41 removed. Center: The red observation is not unusual in terms of its X1 value
or its X2 value, but still falls outside the bulk of the data, and hence has high
leverage. Right: Observation 41 has a high leverage and a high residual.

than removing the outlier. In fact, high leverage observations tend to have
a sizable impact on the estimated regression line. It is cause for concern if
the least squares line is heavily affected by just a couple of observations,
because any problems with these points may invalidate the entire fit. For
this reason, it is important to identify high leverage observations.
In a simple linear regression, high leverage observations are fairly easy to

identify, since we can simply look for observations for which the predictor
value is outside of the normal range of the observations. But in a multiple
linear regression with many predictors, it is possible to have an observation
that is well within the range of each individual predictor’s values, but that
is unusual in terms of the full set of predictors. An example is shown in
the center panel of Figure 3.13, for a data set with two predictors, X1 and
X2. Most of the observations’ predictor values fall within the blue dashed
ellipse, but the red observation is well outside of this range. But neither its
value for X1 nor its value for X2 is unusual. So if we examine just X1 or
just X2, we will fail to notice this high leverage point. This problem is more
pronounced in multiple regression settings with more than two predictors,
because then there is no simple way to plot all dimensions of the data
simultaneously.
In order to quantify an observation’s leverage, we compute the leverage

statistic. A large value of this statistic indicates an observation with high
leverage
statisticleverage. For a simple linear regression,

hi =
1

n
+

(xi − x̄)2!n
i′=1(xi′ − x̄)2

. (3.37)

It is clear from this equation that hi increases with the distance of xi from x̄.
There is a simple extension of hi to the case of multiple predictors, though
we do not provide the formula here. The leverage statistic hi is always
between 1/n and 1, and the average leverage for all the observations is
always equal to (p+1)/n. So if a given observation has a leverage statistic
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COLLINEARITY
▸ Some predictive variables can be 

highly correlated 

▸ Their individual effect can not be 
inferred 

▸ For 3 or more variables it is harder to 
detect: multicollinearity 

▸ Variance inflation factor, VIF 

▸ Possible solutions: drop one, or 
combine them?
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FIGURE 3.14. Scatterplots of the observations from the Credit data set. Left:
A plot of age versus limit. These two variables are not collinear. Right: A plot
of rating versus limit. There is high collinearity.

that greatly exceeds (p+1)/n, then we may suspect that the corresponding
point has high leverage.
The right-hand panel of Figure 3.13 provides a plot of the studentized

residuals versus hi for the data in the left-hand panel of Figure 3.13. Ob-
servation 41 stands out as having a very high leverage statistic as well as a
high studentized residual. In other words, it is an outlier as well as a high
leverage observation. This is a particularly dangerous combination! This
plot also reveals the reason that observation 20 had relatively little effect
on the least squares fit in Figure 3.12: it has low leverage.

6. Collinearity

Collinearity refers to the situation in which two or more predictor variables
collinearity

are closely related to one another. The concept of collinearity is illustrated
in Figure 3.14 using the Credit data set. In the left-hand panel of Fig-
ure 3.14, the two predictors limit and age appear to have no obvious rela-
tionship. In contrast, in the right-hand panel of Figure 3.14, the predictors
limit and rating are very highly correlated with each other, and we say
that they are collinear. The presence of collinearity can pose problems in
the regression context, since it can be difficult to separate out the indi-
vidual effects of collinear variables on the response. In other words, since
limit and rating tend to increase or decrease together, it can be difficult to
determine how each one separately is associated with the response, balance.
Figure 3.15 illustrates some of the difficulties that can result from collinear-

ity. The left-hand panel of Figure 3.15 is a contour plot of the RSS (3.22)
associated with different possible coefficient estimates for the regression
of balance on limit and age. Each ellipse represents a set of coefficients
that correspond to the same RSS, with ellipses nearest to the center tak-
ing on the lowest values of RSS. The black dots and associated dashed

100 3. Linear Regression

 21.25 

 21.5 

 21.8 

0.16 0.17 0.18 0.19
−5

−4
−3

−2
−1

0

 21.5 

 21.8 

−0.1 0.0 0.1 0.2

0
1

2
3

4
5

βLimitβLimit

β
A

ge

β
R
at

in
g

FIGURE 3.15. Contour plots for the RSS values as a function of the parameters
β for various regressions involving the Credit data set. In each plot, the black
dots represent the coefficient values corresponding to the minimum RSS. Left:
A contour plot of RSS for the regression of balance onto age and limit. The
minimum value is well defined. Right: A contour plot of RSS for the regression
of balance onto rating and limit. Because of the collinearity, there are many
pairs (βLimit,βRating) with a similar value for RSS.

lines represent the coefficient estimates that result in the smallest possible
RSS—in other words, these are the least squares estimates. The axes for
limit and age have been scaled so that the plot includes possible coeffi-
cient estimates that are up to four standard errors on either side of the
least squares estimates. Thus the plot includes all plausible values for the
coefficients. For example, we see that the true limit coefficient is almost
certainly somewhere between 0.15 and 0.20.
In contrast, the right-hand panel of Figure 3.15 displays contour plots

of the RSS associated with possible coefficient estimates for the regression
of balance onto limit and rating, which we know to be highly collinear.
Now the contours run along a narrow valley; there is a broad range of
values for the coefficient estimates that result in equal values for RSS.
Hence a small change in the data could cause the pair of coefficient values
that yield the smallest RSS—that is, the least squares estimates—to move
anywhere along this valley. This results in a great deal of uncertainty in the
coefficient estimates. Notice that the scale for the limit coefficient now runs
from roughly −0.2 to 0.2; this is an eight-fold increase over the plausible
range of the limit coefficient in the regression with age. Interestingly, even
though the limit and rating coefficients now have much more individual
uncertainty, they will almost certainly lie somewhere in this contour valley.
For example, we would not expect the true value of the limit and rating

coefficients to be −0.1 and 1 respectively, even though such a value is
plausible for each coefficient individually.
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Coefficient Std. error t-statistic p-value
Intercept −173.411 43.828 −3.957 < 0.0001

Model 1 age −2.292 0.672 −3.407 0.0007
limit 0.173 0.005 34.496 < 0.0001
Intercept −377.537 45.254 −8.343 < 0.0001

Model 2 rating 2.202 0.952 2.312 0.0213
limit 0.025 0.064 0.384 0.7012

TABLE 3.11. The results for two multiple regression models involving the
Credit data set are shown. Model 1 is a regression of balance on age and limit,
and Model 2 a regression of balance on rating and limit. The standard error
of β̂limit increases 12-fold in the second regression, due to collinearity.

Since collinearity reduces the accuracy of the estimates of the regression
coefficients, it causes the standard error for β̂j to grow. Recall that the

t-statistic for each predictor is calculated by dividing β̂j by its standard
error. Consequently, collinearity results in a decline in the t-statistic. As a
result, in the presence of collinearity, we may fail to reject H0 : βj = 0. This
means that the power of the hypothesis test—the probability of correctly power
detecting a non-zero coefficient—is reduced by collinearity.
Table 3.11 compares the coefficient estimates obtained from two separate

multiple regression models. The first is a regression of balance on age and
limit, and the second is a regression of balance on rating and limit. In the
first regression, both age and limit are highly significant with very small p-
values. In the second, the collinearity between limit and rating has caused
the standard error for the limit coefficient estimate to increase by a factor
of 12 and the p-value to increase to 0.701. In other words, the importance
of the limit variable has been masked due to the presence of collinearity.
To avoid such a situation, it is desirable to identify and address potential
collinearity problems while fitting the model.
A simple way to detect collinearity is to look at the correlation matrix

of the predictors. An element of this matrix that is large in absolute value
indicates a pair of highly correlated variables, and therefore a collinearity
problem in the data. Unfortunately, not all collinearity problems can be
detected by inspection of the correlation matrix: it is possible for collinear-
ity to exist between three or more variables even if no pair of variables
has a particularly high correlation. We call this situation multicollinearity.

multi-
collinearityInstead of inspecting the correlation matrix, a better way to assess multi-

collinearity is to compute the variance inflation factor (VIF). The VIF is
variance
inflation
factor

the ratio of the variance of β̂j when fitting the full model divided by the

variance of β̂j if fit on its own. The smallest possible value for VIF is 1,
which indicates the complete absence of collinearity. Typically in practice
there is a small amount of collinearity among the predictors. As a rule of
thumb, a VIF value that exceeds 5 or 10 indicates a problematic amount of
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SOLVING MULTIPLE LINEAR 
REGRESSION
▸ Linear regression can 

usually be solved by 
matrix inversion 

▸ But sometimes normal 
equations can be close 
to singular, and it fails
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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a vector of length M .
The equations (15.4.6) or (15.4.7) are called the normal equations of the least-

squares problem. They can be solved for the vector of parameters a by the standard
methods of Chapter 2, notably LU decomposition and backsubstitution, Choleksy
decomposition, or Gauss-Jordan elimination. In matrix form, the normal equations
can be written as either

[α] · a = [β] or as
!

AT · A
"

· a = AT · b (15.4.10)

The inverse matrix Cjk ≡ [α]−1
jk is closely related to the probable (or, more

precisely, standard) uncertainties of the estimated parameters a. To estimate these
uncertainties, consider that

aj =
M
#

k=1

[α]−1
jk βk =

M
#

k=1

Cjk

$

N
#

i=1

yiXk(xi)
σ2

i

%

(15.4.11)

and that the variance associated with the estimate aj can be found as in (15.2.7) from

σ2(aj) =
N

#

i=1

σ2
i

&

∂aj

∂yi

'2

(15.4.12)

Note that αjk is independent of yi, so that

∂aj

∂yi
=

M
#

k=1

CjkXk(xi)/σ2
i (15.4.13)

Consequently, we find that

σ2(aj) =
M
#

k=1

M
#

l=1

CjkCjl

$

N
#

i=1

Xk(xi)Xl(xi)
σ2

i

%

(15.4.14)

The final term in brackets is just the matrix [α]. Since this is the matrix inverse of
[C], (15.4.14) reduces immediately to

σ2(aj) = Cjj (15.4.15)

In other words, the diagonal elements of [C] are the variances (squared
uncertainties) of the fitted parameters a. It should not surprise you to learn that the
off-diagonal elements Cjk are the covariances between aj and ak (cf. 15.2.10); but
we shall defer discussion of these to §15.6.

We will now give a routine that implements the above formulas for the general
linear least-squares problem, by the method of normal equations. Since we wish to
compute not only the solution vector a but also the covariance matrix [C], it is most
convenient to use Gauss-Jordan elimination (routine gaussj of §2.1) to perform the
linear algebra. The operation count, in this application, is no larger than that for LU
decomposition. If you have no need for the covariance matrix, however, you can
save a factor of 3 on the linear algebra by switching to LU decomposition, without
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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Figure 15.4.1. Design matrix for the least-squares fit of a linear combination of M basis functions to N
data points. The matrix elements involve the basis functions evaluated at the values of the independent
variable at which measurements are made, and the standard deviations of the measured dependent variable.
The measured values of the dependent variable do not enter the design matrix.

Solution by Use of the Normal Equations

The minimum of (15.4.3) occurs where the derivative of χ 2 with respect to all
M parameters ak vanishes. Specializing equation (15.1.7) to the case of the model
(15.4.2), this condition yields the M equations

0 =
N

∑

i=1

1
σ2

i

⎡

⎣yi −
M
∑

j=1

ajXj(xi)

⎤

⎦Xk(xi) k = 1 , . . . , M (15.4.6)

Interchanging the order of summations, we can write (15.4.6) as the matrix equation

M
∑

j=1

αkjaj = βk (15.4.7)

where

αkj =
N

∑

i=1

Xj(xi)Xk(xi)
σ2

i

or equivalently [α] = AT ·A (15.4.8)

an M × M matrix, and

βk =
N

∑

i=1

yiXk(xi)
σ2

i

or equivalently [β] = AT · b (15.4.9)
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a vector of length M .
The equations (15.4.6) or (15.4.7) are called the normal equations of the least-

squares problem. They can be solved for the vector of parameters a by the standard
methods of Chapter 2, notably LU decomposition and backsubstitution, Choleksy
decomposition, or Gauss-Jordan elimination. In matrix form, the normal equations
can be written as either

[α] · a = [β] or as
!

AT · A
"

· a = AT · b (15.4.10)

The inverse matrix Cjk ≡ [α]−1
jk is closely related to the probable (or, more

precisely, standard) uncertainties of the estimated parameters a. To estimate these
uncertainties, consider that

aj =
M
#

k=1

[α]−1
jk βk =

M
#

k=1

Cjk

$

N
#

i=1

yiXk(xi)
σ2

i

%

(15.4.11)

and that the variance associated with the estimate aj can be found as in (15.2.7) from

σ2(aj) =
N

#

i=1

σ2
i

&

∂aj

∂yi

'2

(15.4.12)

Note that αjk is independent of yi, so that

∂aj

∂yi
=

M
#

k=1

CjkXk(xi)/σ2
i (15.4.13)

Consequently, we find that

σ2(aj) =
M
#

k=1

M
#

l=1

CjkCjl

$

N
#

i=1

Xk(xi)Xl(xi)
σ2

i

%

(15.4.14)

The final term in brackets is just the matrix [α]. Since this is the matrix inverse of
[C], (15.4.14) reduces immediately to

σ2(aj) = Cjj (15.4.15)

In other words, the diagonal elements of [C] are the variances (squared
uncertainties) of the fitted parameters a. It should not surprise you to learn that the
off-diagonal elements Cjk are the covariances between aj and ak (cf. 15.2.10); but
we shall defer discussion of these to §15.6.

We will now give a routine that implements the above formulas for the general
linear least-squares problem, by the method of normal equations. Since we wish to
compute not only the solution vector a but also the covariance matrix [C], it is most
convenient to use Gauss-Jordan elimination (routine gaussj of §2.1) to perform the
linear algebra. The operation count, in this application, is no larger than that for LU
decomposition. If you have no need for the covariance matrix, however, you can
save a factor of 3 on the linear algebra by switching to LU decomposition, without



LINEAR REGRESSION -  FROM A MACHINE LEARNING POINT OF VIEW

SOLVING MULTIPLE LINEAR REGRESSION WITH  
SINGULAR VALUE DECOMPOSITION
▸ It can also be solved with SVD 

▸ For over-determined systems 
( more data points than 
coefficients ) SVD produces a 
solution with minimal least 
squares error ( hooray! ) 

▸ For under-determined systems 
(more coefficients than data 
points) the coefficients will be 
the one with minimal least 
squares! ( hooray! Small values 
instead of cancelling infinities!)
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Solution by Use of Singular Value Decomposition

In some applications, the normal equations are perfectly adequate for linear
least-squares problems. However, in many cases the normal equations are very close
to singular. A zero pivot element may be encountered during the solution of the
linear equations (e.g., in gaussj), in which case you get no solution at all. Or a
very small pivot may occur, in which case you typically get fitted parameters a k

with very large magnitudes that are delicately (and unstably) balanced to cancel out
almost precisely when the fitted function is evaluated.

Why does this commonly occur? The reason is that, more often than experi-
menters would like to admit, data do not clearly distinguish between two or more of
the basis functions provided. If two such functions, or two different combinations
of functions, happen to fit the data about equally well — or equally badly — then
the matrix [α], unable to distinguish between them, neatly folds up its tent and
becomes singular. There is a certain mathematical irony in the fact that least-squares
problems are both overdetermined (number of data points greater than number of
parameters) and underdetermined (ambiguous combinations of parameters exist);
but that is how it frequently is. The ambiguities can be extremely hard to notice
a priori in complicated problems.

Enter singular value decomposition (SVD). This would be a good time for you
to review the material in §2.6, which we will not repeat here. In the case of an
overdetermined system, SVD produces a solution that is the best approximation in
the least-squares sense, cf. equation (2.6.10). That is exactly what we want. In the
case of an underdetermined system, SVD produces a solution whose values (for us,
the ak’s) are smallest in the least-squares sense, cf. equation (2.6.8). That is also
what we want: When some combination of basis functions is irrelevant to the fit, that
combination will be driven down to a small, innocuous, value, rather than pushed
up to delicately canceling infinities.

In terms of the design matrix A (equation 15.4.4) and the vector b (equation
15.4.5), minimization of χ2 in (15.4.3) can be written as

find a that minimizes χ2 = |A · a− b|2 (15.4.16)

Comparing to equation (2.6.9), we see that this is precisely the problem that routines
svdcmp and svbksb are designed to solve. The solution, which is given by equation
(2.6.12), can be rewritten as follows: If U and V enter the SVD decomposition
of A according to equation (2.6.1), as computed by svdcmp, then let the vectors
U(i) i = 1 , . . . , M denote the columns of U (each one a vector of length N ); and
let the vectors V(i); i = 1 , . . . , M denote the columns of V (each one a vector
of length M ). Then the solution (2.6.12) of the least-squares problem (15.4.16)
can be written as

a =
M
!

i=1

"U(i) · b
wi

#

V(i) (15.4.17)

where the wi are, as in §2.6, the singular values calculated by svdcmp.
Equation (15.4.17) says that the fitted parameters a are linear combinations of

the columns of V, with coefficients obtained by forming dot products of the columns
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Solution by Use of Singular Value Decomposition

In some applications, the normal equations are perfectly adequate for linear
least-squares problems. However, in many cases the normal equations are very close
to singular. A zero pivot element may be encountered during the solution of the
linear equations (e.g., in gaussj), in which case you get no solution at all. Or a
very small pivot may occur, in which case you typically get fitted parameters a k

with very large magnitudes that are delicately (and unstably) balanced to cancel out
almost precisely when the fitted function is evaluated.

Why does this commonly occur? The reason is that, more often than experi-
menters would like to admit, data do not clearly distinguish between two or more of
the basis functions provided. If two such functions, or two different combinations
of functions, happen to fit the data about equally well — or equally badly — then
the matrix [α], unable to distinguish between them, neatly folds up its tent and
becomes singular. There is a certain mathematical irony in the fact that least-squares
problems are both overdetermined (number of data points greater than number of
parameters) and underdetermined (ambiguous combinations of parameters exist);
but that is how it frequently is. The ambiguities can be extremely hard to notice
a priori in complicated problems.

Enter singular value decomposition (SVD). This would be a good time for you
to review the material in §2.6, which we will not repeat here. In the case of an
overdetermined system, SVD produces a solution that is the best approximation in
the least-squares sense, cf. equation (2.6.10). That is exactly what we want. In the
case of an underdetermined system, SVD produces a solution whose values (for us,
the ak’s) are smallest in the least-squares sense, cf. equation (2.6.8). That is also
what we want: When some combination of basis functions is irrelevant to the fit, that
combination will be driven down to a small, innocuous, value, rather than pushed
up to delicately canceling infinities.

In terms of the design matrix A (equation 15.4.4) and the vector b (equation
15.4.5), minimization of χ2 in (15.4.3) can be written as

find a that minimizes χ2 = |A · a− b|2 (15.4.16)

Comparing to equation (2.6.9), we see that this is precisely the problem that routines
svdcmp and svbksb are designed to solve. The solution, which is given by equation
(2.6.12), can be rewritten as follows: If U and V enter the SVD decomposition
of A according to equation (2.6.1), as computed by svdcmp, then let the vectors
U(i) i = 1 , . . . , M denote the columns of U (each one a vector of length N ); and
let the vectors V(i); i = 1 , . . . , M denote the columns of V (each one a vector
of length M ). Then the solution (2.6.12) of the least-squares problem (15.4.16)
can be written as

a =
M
!

i=1

"U(i) · b
wi

#

V(i) (15.4.17)

where the wi are, as in §2.6, the singular values calculated by svdcmp.
Equation (15.4.17) says that the fitted parameters a are linear combinations of

the columns of V, with coefficients obtained by forming dot products of the columns
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2.6 Singular Value Decomposition

There exists a very powerful set of techniques for dealing with sets of equations
or matrices that are either singular or else numerically very close to singular. In many
cases where Gaussian elimination and LU decomposition fail to give satisfactory
results, this set of techniques, known as singular value decomposition, or SVD,
will diagnose for you precisely what the problem is. In some cases, SVD will
not only diagnose the problem, it will also solve it, in the sense of giving you a
useful numerical answer, although, as we shall see, not necessarily “the” answer
that you thought you should get.

SVD is also themethod of choice for solvingmost linear least-squares problems.
We will outline the relevant theory in this section, but defer detailed discussion of
the use of SVD in this application to Chapter 15, whose subject is the parametric
modeling of data.

SVDmethods are based on the following theorem of linear algebra, whose proof
is beyond our scope: AnyM ×N matrixA whose number of rowsM is greater than
or equal to its number of columns N , can be written as the product of an M × N
column-orthogonal matrix U, an N × N diagonal matrix W with positive or zero
elements (the singular values), and the transpose of anN ×N orthogonal matrix V.
The various shapes of these matrices will be made clearer by the following tableau:

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

A

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

U

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

·

⎛

⎜

⎝

w1
w2

· · ·
· · ·

wN

⎞

⎟

⎠
·

⎛

⎜

⎜

⎝

VT

⎞

⎟

⎟

⎠

(2.6.1)

The matrices U and V are each orthogonal in the sense that their columns are
orthonormal,

M
∑

i=1

UikUin = δkn
1 ≤ k ≤ N

1 ≤ n ≤ N
(2.6.2)

N
∑

j=1

VjkVjn = δkn
1 ≤ k ≤ N

1 ≤ n ≤ N
(2.6.3)
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or as a tableau,
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⎠

(2.6.4)

Since V is square, it is also row-orthonormal, V · VT = 1 .
The SVD decomposition can also be carried out when M < N . In this case

the singular values wj for j = M + 1 , . . . , N are all zero, and the corresponding
columns of U are also zero. Equation (2.6.2) then holds only for k, n ≤ M .

The decomposition (2.6.1) can always be done, no matter how singular the
matrix is, and it is “almost” unique. That is to say, it is unique up to (i) making
the same permutation of the columns of U, elements of W, and columns of V (or
rows of VT ), or (ii) forming linear combinations of any columns of U and V whose
corresponding elements ofW happen to be exactly equal. An important consequence
of the permutation freedom is that for the case M < N , a numerical algorithm for
the decomposition need not return zero wj ’s for j = M + 1 , . . . , N ; the N − M
zero singular values can be scattered among all positions j = 1 , 2 , . . . , N .

At the end of this section, we give a routine, svdcmp, that performs SVD on
an arbitrary matrix A, replacing it by U (they are the same shape) and giving back
W and V separately. The routine svdcmp is based on a routine by Forsythe et
al. [1], which is in turn based on the original routine of Golub and Reinsch, found, in
various forms, in [2-4] and elsewhere. These references include extensive discussion
of the algorithm used. As much as we dislike the use of black-box routines, we are
going to ask you to accept this one, since it would take us too far afield to cover
its necessary background material here. Suffice it to say that the algorithm is very
stable, and that it is very unusual for it ever to misbehave. Most of the concepts that
enter the algorithm (Householder reduction to bidiagonal form, diagonalization by
QR procedure with shifts) will be discussed further in Chapter 11.

If you are as suspicious of black boxes as we are, youwill want to verify yourself
that svdcmp does what we say it does. That is very easy to do: Generate an arbitrary
matrix A, call the routine, and then verify by matrix multiplication that (2.6.1) and
(2.6.4) are satisfied. Since these two equations are the only defining requirements
for SVD, this procedure is (for the chosen A) a complete end-to-end check.

Now let us find out what SVD is good for.
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